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This work consists of two parts. In the first part we construct the complete ex- 
tension of the Minimal Supersymmetric Standard Model by higher dimensional 
effective operators and then study its phenomenology. These operators encap- 
sulate the effects on LHC physics of any kind of new degrees of freedom at 
the multiTeV scale. The effective analysis includes the case where the multiTeV 
physics is the supersymmetry breaking sector itself. In that case the appropri- 
ate framework is nonlinear supersymmetry. We choose to realize the nonlinear 
symmetry by the method of constrained superfields. Beyond the new effective 
couplings, the analysis suggests an interpretation of the little hierarchy prob- 
lem' as an indication of new physics at multiTeV scale. 

In the second part we explore the power of constrained superfields in ex- 
tended supersymmetry. It is known that in A/' = 2 supersymmetry the gauge 
kinetic function cannot depend on hypermultiplet scalars. However, it is also 
known that the low energy effective action of a D-brane in an A/" = 2 super- 
symmetric bulk includes the DBI action, where the gauge kinetic function does 
depend on the dilaton. We show how the nonlinearization of the second SUSY 
(imposed by the presence of the D-brane) opens this possibility, by constructing 
the global N = 1 linear + 1 nonlinear invariant coupling of a hypermultiplet with 
a gauge multiplet. The constructed theory enjoys interesting features, including 
a novel super-Higgs mechanism without gravity. 
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Chapter 1 

Introduction 



1.1 The Importance of Supersymmetry 

Probably the most significant manifestation of the beauty of Supersymmetry is 
that this simple idea of a symmetry that relates fermions and bosons has proven 
to be one of the most fruitful proposals in theoretical high energy physics of the 
last forty years. 

At the level of phenomenology supersymmetry offers a complete or partial 
solution to almost all shortcomings of the Standard Model (SM). For example, 
the beautiful properties of SM under renormalization are based on the fact that 
it is a model of fermions and gauge bosons. However, its cornerstone, the Higgs 
mechanism, is bound to the existence of a scalar mode. The Higgs scalar seems 
very unnatural within the framework of the SM. It is the only scalar field and it 
doesn't share the same renormalization properties with the others. More specifi- 
cally, the natural value for its mass is at the Planck scale, which would obviously 
destroy the validity of the model. This puzzle comes with the name "hierarchy 
problem" and it's believed to be one of the main reasons for leaving SM behind. 
The solution by supersymmetry is based on treating scalars on equal footing 
with all other fields. Not only it contains a variety of scalars, degrading them 
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from the special role they enjoyed in SM, their normalization properties are also 
no different than all other fields. Their masses scale logarithmically with the 
cutoff scale which then offers a resolution to the hierarchy problem. 

Another source of skepticism towards the SM comes from cosmology. There 
is a set of cosmological and astrophysical observations that lead to the same 
conclusion. The stable matter described by the SM, which is the matter that 
surrounds us, is nothing but a tiny fraction of the full matter content of the uni- 
verse. 'Out there', stable particles exist that we have never observed and that 
are not described by the SM. The observations can also inform us about the ba- 
sic properties of these particles. It comes out that they have to be massive and 
weakly interacting. Once again, supersymmetry has the answer. Supersym- 
metric models generically come with one stable particle that enjoys the desired 
properties. 

We should also mention that supersymmetry seems to complete the pro- 
gram for unification of gauge interactions. The SM had the striking success of 
unifying the numerous processes between particles observed in colliders (and 
seeming extremely complicated in the early years of particle physics) into three 
fundamental gauge interactions parametrized by three independent coupling 
constants. The unification would be complete by further unifying into a single 
gauge group, which would then lead us to a "Grand Unified Theory". Unfor- 
tunately it was calculated that the renormalization group (RG) equations of the 
SM don't meet at a single point for unification to occur. New degrees of free- 
dom are needed to shift the RG in a way they meet. It has been shown that 
the degrees of freedom brought by supersymmetry do the job and the predicted 
unification occurs at around 10^^ GeV. 
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The above arguments favor supersymmetric models as a candidate for de- 
parture from the SM. It seems however that it doesn't merely offer a model for 
a successful replacement of the SM but it's basic concepts play a fundamental 
role in quantum field theory. This can be seen as follows. In a paper of 1967 by 
S. Coleman and J. Mandula [|6l it was shown that the most general Lie algebra 
of symmetries of the S-matrix is the Poincare algebra plus a number of Lorentz 
scalar generators that form the algebra of a compact Lie group. This was a 
conclusive no-go theorem about the allowed symmetries of the S-matrix and 
in particular about the impossibility of a nontrivial combination of a spacetime 
symmetry with an internal one. The Coleman-Mandula theorem was extremely 
powerful as it was based on generic assumptions that would apply to any quan- 
tum field theory. However, it was later discovered that the assumption that the 
algebras need to be Lie algebras was too restrictive as one could add fermionic 
generators forming what is called "graded Lie algebras". In a paper by Haag, 
Sohnius and Lopuszanski seven years later, it was shown that the only graded 
Lie algebras that generate symmetries allowed by the generic assumptions of 
quantum field theory are the supersymmetric algebras HZl. In a few words, the 
exploration of the largest symmetry allowed by the S-matrix has inevitably led 
us to supersymmetry. 

Last but definitely not least, supersymmetry opens a window for the holy 
grail of theoretical physics, the unification of gravity with the other three forces. 
The combination of the principle that gravity is the manifestation of the curva- 
ture of spacetime, coming from general relativity, and the fact that supersym- 
metry is a spacetime symmetry, coming from the Haag-Sohnius-Lopuszanski 
theorem above, implies that a theory with local supersymmetry is a theory of 
gravity. Such a theory is called "supergravity". Supergravities themselves ap- 
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pear as the low energy effective theories of various settings of string theory, the 
only framework where gravity and the other forces are unified into a single and 
finite theory In summary, following the path: Global Supersymmetry Local 
Supersymmetry String Theory we obtain, for the first time, a complete pic- 
ture of how the unification of particles and interactions works. Furthermore, the 
principle of supersymmetry is built in string theory. The very first appearance 
of a symmetry that exchanges bosons and fermions first appeared in the con- 
text of dual models BSHU, which is what was later reinterpreted as string theory. 
Without supersymmetry, string theory would not be a consistent theory. In a 
few words, the most basic ingredient of the only known path to a theory where 
matter and forces are unified, is supersymmetry. 

This thesis touches upon both model building in supersymmetric theories 
and more formal aspects, especially related to string theory. It is then naturally 
devided in two parts which are weakly related to each other and can be read 
independently. It is based on publications IHIlHSHlHSl. 

1.2 Effective and Nonlinear Field Theory in the Minimal Su- 
persymmetric Standard Model 

In the first part we apply the techniques of Effective Field Theory (EFT) on 
the Minimal Supersymmetric Standard Model (MSSM) and study their phe- 
nomenological consequences. The MSSM is the minimal extension of the SM 
and is used as a prototype model for phenomenological studies of supersymme- 
try IITOl . Our method involves the addition of higher mass dimension terms in 
the MSSM Lagrangian. From an EFT point of view, the appearance of such terms 
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is not a sign that the model is sick but rather an indication that it is valid only up 
to the mass scale that suppresses those terms. Their purpose is to parametrize 
the effects of any kind of new physics that might exist at a scale that is not ap- 
proachable by LHC and in the same time not too high, so in the range of a few 
TeV. 

In a few lines, the method of our analysis is as follows. We construct the 
effective Lagrangian by adding to that of MSSM nonrenormalizable terms of 
higher mass dimension. These are terms that would appear in a low energy ef- 
fective model of some UV renormalizable theory by integrating out degrees of 
freedom above a certain mass scale M. However, in a bottom-up point of view 
we don't focus on the origin of these terms but rather on a generic analysis of 
their effects. To this purpose, we choose at a first level to add to MSSM all possi- 
ble mass dimension five operators that are all allowed by the gauge symmetries 
and by R-parity. In this way, EFT allows us to draw conclusions that are com- 
pletely model independent. For a more detailed discussion of supersymmetric 
EFT, see sec. |2l 

Generally this constitutes a huge set of extra free parameters, limiting the 
predictability of the model. Nevertheless, many of these operators are actually 
redundant as they can be eliminated by proper field redefinitions. In our analy- 
sis, we perform such redefinitions reducing to a model with less parameters and 
thus more distinct phenomenology. We firstly focus on the Higgs sector because 
of its special importance in view of the little hierarchy problem and because its 
extension by effective terms is quite restricted, facilitating drawing clear con- 
clusions. After that we pass on to other couplings and processes that may be 
interesting for LHC physics. Below we summarize the content of the chapters 
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of part 1. 

In chapter |3l we focus on the most general set of R-parity conserving, mass 
dimension five operators that can exist in the MSSM HJ. We also employ spu- 
rion superfields to include any soft supersymmetry breaking effects that these 
operators parametrize. It turns out that not all of these operators are actually 
independent. We perform spurion dependent field redefinitions to remove the 
redundancy thus obtaining the minimal, irreducible set of dimension five op- 
erators within MSSM. By incorporating further constraints coming from flavor 
changing neutral currents (FCNC), we end up with the final model which we 
call "MSSM5". 

In chapter HI we go on to study the phenomenological consequences of 
MSSM5 ULJ. One consequence is the generation of new effective interac- 
tions of the type quark-quark-squark-squark with potentially large effects in 
squark production compared to those generated in the MSSM, especially for the 
top /stop quarks. This can be important for LHC supersymmetry searches by 
direct squark production. Additional "wrong" Higgs couplings, familiar in the 
MSSM at the loop level |[TTl [1211131 , are also generated with a coefficient that can 
be larger than the loop-generated MSSM one. Again, these are largest for the 
top and also bottom sector at large tan /3. Furthermore, we study the effect of the 
new terms in the Higgs potential. It turns out that the mass of the Higgs can 
be shifted in a way that it alleviates the little hierarchy problem. This implies 
that we can obtain a novel point of view towards this apparent shortcoming of 
MSSM. Instead of considering it as a weakness of the theory, we can think of it 
as an indication for new massive particles at the energy range of few TeV. 

Consideration about the stability of the effective potential as well as an ob- 
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served tan fi suppression of the correction to the Higgs mass by five dimensional 
operators leads to the inevitable inclusion of mass dimension six operators in 
the Higgs sector Q. In chapter |5l, we perform this analysis insisting on a generic 
approach, including all possible dimension six operators allowed by the sym- 
metries of the model. In the large tan/3 region, these two classes of operators 
can have comparable contributions to the Higgs mass which implies a further 
alleviation of the little hierarchy. 

In chapter |6l we move on to study a different type of EFT, this time real- 
ized by nonlinear supersymmetry [jSj. In models of low energy SUSY breaking, 
the gravitino acquires a sub-eV mass and thus it cannot be excluded from the 
spectrum of the low energy model. If this model is MSSM, we have to study 
couplings of the gravitino to MSSM. The "equivalence theorem", which states 
that in scenaria with very low gravitinos the latter can be effectively replaced 
by their goldstino component which dominates over the dynamics, greatly sim- 
plifies such studies |[T4|. Nonlinear supersymmetry offers then the most con- 
venient formalism for studying goldstino self interactions and goldstino-matter 
couplings. We use the method of constrained superfields to realize the nonlin- 
ear SUSY algebra and study the most general couplings of the goldstino with 
MSSM fields. 

An important effect of these couplings is the increase in the mass of the 
Higgs, which can be significant for a SUSY breaking scale at the range of few 
TeV. This offers one more way for alleviating the little hierarchy. The difference 
is that in this case we don't even have to assume some kind of new physics at 
the high scale. The SUSY breaking mechanism itself brings the correction. In 
addition, we calculated the invisible decay of Higgs to neutralinos and goldsti- 
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nos and found that it can be comparable with the standard MSSM decay rate of 
Higgs to photons. Finally, we found that, in the case that the mass of Z is larger 
than that of the lighest neutralino, there is a bound on the SUSY breaking scale 
at around 400 - 700 GeV coming from the invisible Z boson decay. 

1.3 Dilaton - DBI couplings in TV = 2 supersymmetiy 

In the second part of the thesis we turn towards aspects of supersymmetry 
closely related to supergravity and string theory. Our target now is to under- 
stand how the coupling of a D-brane to the bulk arises in field theory. 

The stage that we choose to focus on is type II strings on !^3j x CJ/3. The 
geometry of the Calabi Yau manifold breaks SUSY, giving rise to a 4D A/" = 2 ef- 
fective supergravity theory. Generically, the presence of a D-brane in such back- 
ground spontaneously breaks half supersymmetry on its worldvolume giving 
rise to an A/" = 1 + 1 supersymmetric theory where the second supersymmetry 
is realized nonlinearly. The effective D-brane action is described by a Dirac- 
Bom-Infeld (DBI) theory. It is an effective action for the gauge multiplets of 
the D-brane as well as for their coupling to the bulk fields. The latter can be 
described by hypermultiplets, single-tensor multiplets or double-tensor multi- 
plets. All descriptions are Poicare dual to each other. 

Reproducing this action from field theory is the main aim of this second part. 
This task is nontrivial for two reasons. First, it is known that N = 2 linear su- 
persymmetry, global or local, forbids a dependence of gauge kinetic terms on 
hypermultiplet scalars. For instance, in N = 2 supergravity, the scalar mani- 
fold is the product of a quatemion-Kahler manifold for hypermultiplet scalars 
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| |15| and a Kahler manifold of a special type for vector multiplet scalars [|16|. In 
global N = 2 supersymmetry, the quaternion-Kahler manifold of hypermulti- 
plet scalars is replaced by a Ricci-flat hyper-Kahler space [17J. Second, consis- 
tency of compactification of type II strings with D-branes requires the presence 
of orientifolds necessary for tadpole cancellation. These objects break super- 
symmetry explicitly globally, although is still preserved locally around the D- 
branes and away from the orientifold plane. It is then not clear if it is possible 
to construct from field theory the action that couples the bulk and brane multi- 
plets, even those that would be truncated by the orientifold projection. 

The DBI action appearing in D-brane dynamics suggests that the restrictions 
on the coupling between bulk and brane fields in A/^ = 2 supersymmetry are ex- 
pected to change if (at least) one of the supersymmetries is nonlinearly realized. 
This is the path that we follow. In chapter [lOl, we construct an A/' = 2 action for 
the coupling of a single tensor multiplet with a gauge multiplet. This coupling 
is essentially the supersymmetrization of the Chern-Simons B A F coupling of 
the antisymmetric NSNS 2-form and the gauge field strength. We then impose 
nonlinear realization of the second SUSY by applying a supersymmetric con- 
straint on the gauge multiplet. This is the generalization for N = 2 superspace 
of the constrained superfield method used in the first part of the thesis. The re- 
sulting action is invariant under N = I linear + 1 nonlinear SUSY and involves 
the Maxwell goldstino multiplet coupled to a single tensor multiplet [4]. If we 
remove this multiplet, the action reduces to the standard super-Maxwell DBI 
theory derived in the past ||2Tll22ll23| . 



We have chosen to group the bulk fields in a single tensor multiplet because 
it is the only one that admits a simple off shell superspace formulation. Hy- 
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permultiplets also can be formulated off-shell in the context of harmonic su- 
perspace but only in the expense of introducing infinite number of auxiliary 



fields [|24||. In any case we can always switch between hyper-, single-tensor and 



double-tensor multiplets by performing Poicare dualities. 

By appropriate field redefinitions we obtain another equivalent description 
of the system, in terms of the Higgs phase oiN = 1 + 1 QED ||25ll26| . This basis re- 
veals some very interesting features of the system. The goldstino multiplet com- 
bines with a chiral superfield to form a N = I massive vector multiplet while 
the other chiral superfield remains massless. This is a novel type of super-Higgs 
mechanism that does not require a gravittno (which would normally 'eat' the 
goldstino as in the standard super-Higgs mechanism). Also, at one point along 
the flat direction of the potential, the vector multiplet becomes massless and the 
f/(l) gauge symmetry is restored. This is a known phenomenon from D-brane 
dynamics, where the U{1) world- volume field becomes generically massive due 
to the CS coupling. 

Having constructed the N = l + l DBI action, the next step would be to iden- 
tify its field content in terms of string fields. As already mentioned, the analog of 
this construction in string theory is that of type IIB strings compactified on a Cal- 
abi Yau and interacting with a D-brane. The bulk fields under consideration are 
the dilaton scalar (associated to the string coupling), the (Neveu-Schwarz) NS- 



^-R scalar and two-form. Its nat- 
having three perturbative isome- 



NS antisymmetric tensor and the (Ramond^ 
ural basis is a double-tensor supermultiplet^ 
tries associated to the two axionic shifts of the antisymmetric tensors and an 
extra shift of the R-R scalar. These isometries form a Heisenberg algebra, which 



^This representation of N - 2 global supersymmetry has been only recently explicitly con- 
structed L2ZJ. See also ref. 128J. 
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at the string tree-level is enhanced to the quaternion-Kahler and Kahler space 
SU{2, \)ISU{2) X U{1). We can also use an equivalent formulation where the 
NS-NS and R-R 2-forms are replaced by their Poincare dual scalars. In this for- 
mulation, the aforementioned isometries are realized on the scalar manifold of 
the four scalars which form a hypermutiplet called the "universal hypermulti- 
plet". 

Therefore, we need to determine the proper 'global supersymmetry' limit of 
the universal hypermultiplet and match it with the hyperKahler scalar manifold 
of the global action. At the level of global N = 2, imposing the Heisenberg 
algebra of isometries determines a unique hyperkahler manifold of dimension 
four, depending on a single parameter. This is in close analogy with the local 
case of a quaternionic space where the corresponding parameter is associated 
to the one-loop correction |[29|. These similar results suggest a correspondence 
between the local and global cases which could be studied using a Ricci-flat 
limit of the quaternion-Kahler manifold preserving the Heisenberg algebra. 

Obtaining the global SUSY limit of the universal hypermultiplet is not a triv- 
ial task. In A/" = 2, the scalar curvature comes out to be proportional to the gravi- 
tational coupling so in the global SUSY limit we unavoidably obtain a Ricci-flat 
manifold. However, if we naively send k to zero we reduce to the trivial case of 
a flat scalar manifold with canonical kinetic terms. To obtain a non-trivial space, 
an appropriate limit must be defined, involving a new mass scale that should 
remain finite as Planck mass goes to infinity. This mechanism has only been 
explicitly displayed for some particular cases, mostly using the quaternionic 
quotient method [jSTl |32| . In chapter [TT} we use this procedure to obtain the 
one-loop effective supergravity of the dilaton hypermultiplet and to then de- 
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scribe the appropriate zero-curvature limit, using the perturbative Heisenberg 
symmetry as a guideline ISj. 
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Chapter 2 

Effective Field Theory 



2.1 Physics is Effective 

The ultimate goal of physics is believed to be the formulation of the theory that 
will disclose all mysteries of nature. There is a lot of discussion about the kind of 
truths that will be unveiled to us, however physicists generally agree that this 
final "Theory of Everything" will provide an exact description of all physical 
phenomena that occur at any place and any time of the universe. Of course, we 
don't have this theory yet. We rather have various theories each one being a 
good description for some class of physical phenomena while failing for others. 
"Good" here is used in the sense of being precise enough for our needs. If we 
want to think in terms of the "parameter space" of nature, where the parameters 
can be distance, energy, velocity et c, then we can say that our theories are valid 
in a certain parameter subspace but not outside. For example, in the study of a 
system that interacts gravitationally, Newtonian gravity is a good description if 
interactions are non-relativistic but needs replacement by General Relativity if 
they are relativistic. 

Theories that are valid only in a certain region of the full parameter space 
are called "effective". This definition might sound redundant since all physi- 
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cal theories would be effective. Nevertheless, this simple idea has an surpris- 
ingly rich structure in quantum field theory (QFT). The most relevant parameter 
here is distance. After almost a century of experiments in particle physics we 
have learned that, as we probe smaller distances, nature appears to reveal richer 
structure. In the context of QFT, this is expressed by the appearance of new 
degrees of freedom, describing new particles. These are invisible at longer dis- 
tances either because they are unstable, decaying to known long lived particles, 
or because they are components of particles that at longer distances seem funda- 
mental. This suggests that a QFT model with a given set of degrees of freedom 
is valid only at distance scales larger than the threshold for production of new 
particles, not included in the set. If we agree that the principles of QFT are valid 
beyond the threshold distance, we will need to exchange the old model with a 
new one, where the new particles (and the new interactions that they reveal) 
are included. This process essentially builds a ladder of effective field theory 
(EFT) models separated by the threshold distances where new particles appear. 
Various interesting questions arise: How to smoothly switch from one EFT to 
another, what is their behavior very close to the threshold et c. Another thing 
that makes EFT nontrivial is the need for regularization. Since regularization 
involves the behavior of a QFT model at high energies (short distances), it has 
to be treated with special careH 

Let's attempt a discussion motivated by the questions mentioned above. We 
focus on two neighbor theories, call them the 'UV and the TR' theory, seper- 
ated by threshold energy M (we prefer to talk in terms of energy than distance). 
The UV theory contains all the modes of the IR plus those modes with mass of 
order M that do not appear in the IR. We expect that as we approach M from 

^For a review, see L33,l . 
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below, the new physics that the heavy particles bring will become more and 
more apparent. The way to incorporate these effects in the IR is by integrating 
out the massive modes. This inevitably introduces a series of higher dimen- 
sional, nonrenormalizable operators in the Lagrangian of the IR, suppressed by 
the threshold scale. From the EFT point of view, the fact that they are non- 
renormalizable is not an indication that the model is sick but simply that it is 
valid up to the threshold scale, as expected ||34| . This point, even if it sounds 
obvious nowadays, was entirely disregarded in the early days of QFT when 
nonrenormalizable models were considered pathological. In the expansion of 
the operator series, we choose to cut off at some order in 1 /M depending on the 
accuracy we want to achieve. The coefficients of the new terms are determined 
by matching the S-matrix elements of the UV and the IR models. One might ask 
why should we bother reducing to an effective IR theory when the full UV the- 
ory is known. The reason is that in many cases, calculations in the low energy 
regime are much simpler in the IR theory where the very massive modes do not 
appear explicitly. 

There are many examples of EFT models. For some of them the UV com- 
pletion is known while for others it isn't. To mention a few, Fermi theory is an 
effective theory of weak interactions while chiral perturbation theory and nu- 
cleon effective theory are low energy effective descriptions of QCD. On the other 
hand, the Standard Model (SM) itself is an effective theory (it is renormalizable 
only when gravity is ignored) but its UV completion is still unknown. The same 
is true for General Relativity. 

In order to elucidate the derivation of an effective theory from a known UV 
completion, we focus on the popular case of the Fermi theory as an effective 
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theory for electroweak interactions. In the SM, consider the tree level exchange 
of a massive Z gauge boson between charged fermions 



X D / «A/ id, + igZ,) ip-^Z.Z^' (2.1) 



By integrating out we generate the higher dimensional operator 

^J: = ^,(^y,^f (2-2) 

which is a nonrenormalizable four-fermion contact term. Similarly, for scalars 
H: 

£D\(d, + ig Z,) Hf-^Z,Z^ (2.3) 

and 

A£=^iH^d,H)' (2.4) 



It is also possible that the effective operator is a higher derivative one. Here, 
we retrieve such operators by the kinetic mixing of light with heavy states, upon 
integrating out the latter. For example, from 

£ = ^ {d,<pf + ^ {d^f ^ccfcpd^- ^MV - (2.5) 

one finds after integrating out the massive field x'- 

1 1 

2 ^ 2 ^ M2 + □ + ^ 

= ^(d,cf>f + :^(ncpf + --- (2.6) 

which contains higher derivative terms p5ll36l| . In both examples above, the UV 
completion of the effective theory is known. EFT is then a practical reformula- 
tion of the relevant degrees of freedom in the low energy regime. However, 
does EFT have anything to offer when the UV side is unknown? 
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This answer is definitely positive. EFT has proved to be a very useful tool for 
exploring new physics in a bottom-up approach ||37ll38ll39ll40ll . Since the effects 
of inaccessible massive states can be incorporated into nonrenormalizable oper- 
ators, we can simply add such terms in the IR Lagrangian without referring to 
a particular UV scheme. In a systematic analysis, we include all possible terms 
up to a given order in 1/M that are allowed by the symmetries of the theory, 
keeping the coefficients arbitrary. This constitutes a model independent way of 
exploring new physics beyond the validity of the pure IR model. Any possible 
UV candidate will essentially reduce to a subset of the nonrenormalizable terms 
with fixed values for the coefficients. 

Even at first order in 1 /M, there is usually a long list of terms allowed by the 
symmetries of the theory, introducing many new arbitrary parameters. Never- 
theless, such set is in general highly reducible. This means that we can write 
the Lagrangian in a way that a smaller number of new operators appears but 
physics be the same. There are three different methods to perform such reduc- 
tion. By setting the higher dimensional operators "on shell" [411 l42l |43| , by 
performing field redefinitions [441 |45l and, if the operator is higher derivative, 
by applying the "unfolding" technique ||46ll47| . Since we will be using the first 
two in the phenomenological analysis of the following chapters, we will briefly 
present them below in the relevant case of supersymmetric field theories. After 
restricting to an irreducible set of higher dimensional operators, one can fur- 
ther cut down the parameter space by comparing the model with low energy 
phenomenology. In the end, the hope is that the effective model will provide 
concrete testable predictions for the effects that very massive modes can have 
on low energy observables. 
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2.2 Effective Description of Supersymmetric Theories 



EFT has a lot to offer in the yet unexplored territory of TeV physics. By pop- 
ular belief, the most promising candidate theory for physics around that scale 
is supersymmetry. It is then reasonable to construct phenomenological super- 
symmetric models by means of EFT techniques and this is what we do in the 
following chapters. In order to familiarize with the concept and tools of EFT in 
the framework of supersymmetric theories, we present here some representa- 
tive study cases. 



2.2.1 Integrating out Massive Superfields 

Consider the following Lagrangian of dimensionful scales M and m with M » 
m: 

£ = Jd'e[^'^^+x''x] + {Jd^d[YX^ + ^^x+^^']+h-'^] (2-7) 

We want to acquire an effective description by integrating out the heavier mode. 
We will follow two different paths; either diagonalize the mass matrix and then 
integrate or directly integrate. Then we will show that the resulting effective 
theories are all equivalent by using the "field redefinitions" method and the 
"on shell" method mentioned earlier. 

In the first path, we perform the transformation <D = (cos 0<Di - sm9(!>2) and 
X = (sin <Di + cos 9 O2). In the diagonal basis of <Di and O2, one finds 



+ {J ^^^^[Y02 + yO| + ^(coseOi-sine02) 



+h.c.\ (2.8) 
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where 

= ^(,-a.w/M^,-) = 4(i-^)..... 

= y(l + (l+4mW)"') = M(l+^ + ...), (2.9) 
SO O2 is the massive field. Then, we integrate out O2 via its equation of motion 

1—2 

- -D + m2 O2 - ^ sin (Oj cos 6* - O2 sin ef = 0, (2.10) 
4 

with solution 

O2 = — cos^e sine <I>? - ^ sin^2e(D? + ^ cos^ sin^D^H (9(M"^).(2.11) 

m2 



The effective Lagrangian that we obtain is: 



1 

+ {/^^4i^ZO? + ^Z^/20?-^Ot]+/..c.}+0(M-^) (2.12) 



where 



2 

Z=\- — +0(l/M'). (2.13) 



This is an effective description of (|2.7|) where only the light mode propagates. 



Alternatively, one can choose to directly integrate out x from eq. (|2.7|) with- 
out firstly diagonalizing. Its e.o.m. is 



Z)V-4(M;t + ^<t) = (2.14) 

with an iterative solution 

;^/ = _ -mO DO^ + rZ) D^O rD D^D 0+ + ■•• . (2.15) 

^ mL 4M 16 M2 64M3 J ^ ^ 

Plugging this back in (|2.7|) , we find 
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—m T A ^ 



12M 3 

which, after an appropriate rescaling, is written as 



+ ^ ^ + ^^'^'^ ^^'^^} 

+ /z.c.| + 0(1/m5) (2.16) 



= Jj4^{otO + ^[OD^O + /z.c.] + ^(DV)(D^O)} 



+ 



(2.17) 



2M 3 

where Z = 1/(1 + ni^/M^). In this path, we obtained an effective Lagrangian with 
higher derivative terms. Equations (|2.12[) and (|2.17[) look different, however, the 
physics they describe is the same. We will demonstrate this in two ways. 

In the first way, we set "on shell" the higher dimensional operator. By use of 
the e.o.m. 



D = -— + 4i02 + (9(l/M2) 



(2.18) 



we can rewrite (|2.17|) . The new Lagrangian will contain the term OO^^ which 
can be removed by a suitable shift 



O = O 



2M3 



(2.19) 



to find 



+ 



I 



(2.20) 



d^e 



ZO^ + -O^l 1 ) -O^ 

2M 3 ^ 2M^' 2M3 



where Z = 1/(1 + rn^/M^). It is obvious now that this Lagrangian coincides with 
that of (|2.12[) in the approximation 0(1 /M^). This confirms that setting the higher 
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derivative operators "on shell" via equations of motion is a correct procedure, 
within the approximation considered. We obtained again a higher dimensional 
operator and a scale dependence acquired classically by the couplings of the 
low energy effective theory. 



In the second way, we perform field redefinitions in eq. (|2.17|) so as to elimi- 
nate the OD^O term. We use 

= 0' + cdV+ (2.21) 

where the dimensionful coefficient c is such that the coefficient of OD^O vanish 
in the new Lagrangian. This gives c = -m^/(8M^) and, after some calculations, 
the Lagrangian in (|2.17|) becomes 

r^'^ = J d'e [^'^ <!>' + ^ ^'^ + h.c.)] 

+ IJ [ - 1^ Z 0'2 + ^ 2^/2 ^'3] ^ ^ 0(1 /M') (2.22) 



By a final shift O' = O - A/ (2 M^) 6^ we obtain an effective Lagrangian identi- 
cal to that in (|ZT2)l and dZlQ)) . 



We have shown that the three apparently different paths to the reduced La- 
grangian, leading to either eq. (|2.12[) , (|2.17[) or (|2.22[) , are actually different for- 



mulations of same physics at the expansion order studied. The correction at 
1 IM is solely a wavefunction renormalization while higher dimensional opera- 
tors appeared only at higher order. 
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2.2.2 Gauge Interactions and Component Analysis 



We proceed to study further examples of effective theories, now with gauge in- 
teractions present. We will also verify the superfield analysis at the component 
level. The effective operators that will be generated are the same with those 
used in the phenomenological model of the subsequent chapters. Therefore, 
the analysis here provides us intuition about the kind of UV physics that these 
effective operators encapsulate. 

Consider the Lagrangian of an A/' = 1 supersymmetric non-Abelian gauge 
theory^ 

X = Jd^e[^le^^i+ ^e^^^+ (!>2e-^^l+ ^^e-^^l +S^S] 
J d^e [vi O3 + V2 O4 e-^ + h.c] 

J [;iOi02 + M0304 + y5H/l50i02] + /z.c. (2.23) 



+ 



+ 



where M ^ fi and V is the standard vector superfield in the Wess-Zumino 
gauge. The equations of motion for the massive fields 03 4 and S give 

_Ii^'(0{e^)-lD'(0^e^) + M04 = 
_^n^(,-VcD^)-lD(.-^0l) + M03 = 

1—2 

5^ +M5 + /I O1O2 = (2.24) 
As in the previous section, we use these equations to integrate out the massive 



^For the link to the MSSM, replace V V, = g^V^.o-' - giVy with V„,(Vy) the SU(2), 
{U(1)y) gauge fields respectively; also O2 — > (10-2), 'i>\ — » Hi with 03 (04) with same quan- 
tum numbers to Oi {<i>2) and (/0-2) exp(-A) = exp(A^) (/0-2), then (i>2e'^^l -> e^^ //2, with 
Vi = giVlo-' + siVy. 
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fields O3 4 to find 



+ 



/.^«[,*,*,.r(*,*.r-l. O(M-) (2.25) 



where ^ = ^' = -j^ and we ignored higher orders in M \ If the superpo- 
tential in (|2.23|) also contains triltnear couplings of heavy doublets O3 4 to quarks 



and leptons 

AX = d^e[QcruU'^4 + QcrdD'(^3 + Lo-eE'Q)3] + h.c. , (2.26) 
then, following the same procedure, we would get the extra effective terms 

+ ^ J (fe[{QauU''mo-dD') + (ecr„f/0(L(r,£'^)] + /z.c. , (2.27) 
where cr„^g are 3x3 matrices in the families space. 



Focusing on (|2.25|) , let us set on shell the higher derivative operator by using 



the equations of motion for Oi 2: 



D^[e''Oi] = 4//0^ , Z)'[e-^o5] = 4;uOi . (2.28) 

We insert these in (|2.25|) and rescale ^ (1 - 2// ^), z = 1 , 2, to find: 

J [//(I -4ju^) cDi02 + f (Oi02)^]+/z.c.+(9(M-2) (2.29) 



+ 



It is obvious that the specific operator, when put on shell, brings solely a wave- 
function renormalization. We now go on to verify at the component level that 
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i 



both Lagrangians are equivalent. First, we expand (|2.25 

- 02 ^'^i^'^; + i (A2 C^'^ ^2 + [02 ^^2 + /^-c] - 02 I 0; + Wl? 



+ 



+ 2{(t)2DFi- F2D(pY)-2yf2 [1/^2 i Fi - F2 (/I lAO] - 2 02(1^) 0i 
- 4 11,2(7'' D^iAi } + [<^i F2 + Fi 02 - <Ai ^2] 

+ f [ - (0i(A2 + <Al02)' + 2 (0102) (01 i^2 + i^l02 - 0102)] 

+ h.c. + 0{llNf) (2.30) 

with 

D.^d. + i"^, 5, = t,-i^, (2.31) 

and the "h.c." refers to all terms in the last four lines. Notice that in the off 
shell component form of the Lagrangian we have an interesting tensor coupling 
02 o-^o^DyDfj if/ 1 in spite of the minimal gauge coupling in (|2.23|) (see also l|48l '). 
This coupling could be relevant for tree level calculations of the Feynman dia- 
grams. Next, we eliminate the auxiliary fields Fi 2 using their e.o.m. 

F* = -02(;U + 2^'(0i02)) + r(-402S^S^-4 02|+2V202^) 

F* = -0i(;u + 2f (0102)) + r (-42)^2)^01+4 I0,- 2 V2i^^i) (2.32) 

In the terms proportional to ^ in X*"^^ we can replace the derivatives of the 
fermions by their equations of motion, since the error would be of higher or- 



3 We use -Aif/oD^iy ij/i = -4iA2[o-"^ - 2 / crHSv^',. lAi = -44/20-"^^ DyDf^if/i + 
4 1//2 cr^''^ Ffiyi// 1 and the first term in the rhs is that entering the final expression of X,. Here 
V = d^VJ2 - dyV^/2 + / [V^/2, K/2]. 
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der. We use 

V2 

-/ 1A2 H = iAi - ^ 02^ + 0{^) . (2.33) 

V2 

We then rescale the scalars and Weyl fermions and after neglecting terms 0{^^') 
we obtain the on shell Lagrangian 

V2 ^ 

- (f>2 4 + i <A2 + -^[ 02 1^2 + h.c\ - 02 I 

- 2f [(0102) + /^.c.][ 0101 +02 D'=irD^ (2.34) 



This Lagrangian is in agreement with that of (|2.29|) , which shows that on shell 
and in the absence of other interactions, only a wavefunction renormalisation 
effect is present, giving a new //' = /i (1 - 4/i^). To conclude, integrating out 
the massive superfields O3 4 generated a dimension-five operator O2 e~^D^ Oi 
which however, brings only a (classical) wavefunction renormalisation, in the 
absence of additional trilinear interactions. Thus this five dimensional opera- 
tor doesn't bring new physics in the absence of additional interactions. One 
could ask if this conclusion remains valid when we include soft supersymme- 
try breaking terms. Also, if additional trilinear interactions were present, other 



five dimensional operators of type shown in (|2.27|) could also be generated. All 



these issues are studied in the subsequent chapters. 
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2.3 Nonlinear Realizations and Constrained Goldstino Super- 
field 



Consider a field theory invariant under the symmetry group 0. The field con- 
tent of the theory is divided between fields that are invariant and fields that 
transform under ^. The latter can transform either linearly under all generators 
of or linearly under a subgroup 'H and nonlinearly under the coset ^fH. In 
the first case the theory is in its unbroken phase and the classification of all pos- 
sible transformation laws for the fields is described by representation theory. In 
the second case the symmetry parametrized by the generators of fffH is broken 
with the breaking scale Mh sent to infinity. In other words, a theory with a non- 
linear realization of a symmetry group can be seen as an effective description of 
the far IR limit of a theory where this group is broken spontaneously [|49l |50|. 
The Goldstone fields that appear are in 1-1 correspondance with the generators 

of^m. 

If ^ is the super-Poincare and 'H the Poincare algebra, we have a nonlin- 
ear realization of the supersymmetry algebra and this would describe the far 
IR regime of a spontaneously broken supersymmetric theory. Since the bro- 
ken generators are fermionic, the corresponding Goldstone mode has to be a 
fermion, too. To distinguish it from the standard Goldstone fields, we call it 
"goldstino". It is quite surprising that Supersymmetry in four dimensions first 
appeared in its nonlinear version IISTI . The nonlinear transformation of the gold- 
stino Aa{x) can be written as: 

SA^ = fr], + j{Ao^fj- w'X)d^^a , (2.35) 

where rj is the supersymmetry transformation parameter and / is a parameter 
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of mass dimension 2 characterizing the susy breaking scale ( ^[f = Mb). The 
commutator of this transformation 

[6, , 6^]A, = 2i{w''^ - ^cr^fi)d,A^ (2.36) 

is a spacetime translation and proves that the above transformation closes off 
shell the super-Poincare algebra. 

In order to take advantage of nonlinear realizations we need to know how 
to construct Lagrangians describing interactions of the goldstino with itself and 
with other fields. Several strategies have been developed in the past. In the 
"geometric" method IISTl |52l |53B the transformation (|2.35|) is interpreted as an 
extension of the standard superspace transformation 

e e + r], 

^ ^ + iOa^fi - iria^'e , (2.37) 

to the chiral goldstino field A{x) by identifying 6 with A/ f. The same analogy be- 
tween 6 and A can be extended to the superspace differentials dO and dO leading 
to the construction of a volume element invariant (up to total derivative) under 
the nonlinear transformations. From this we can extract the Lagrangian density 

X = -f detA , with = 5^; + -^{Aa^'dJ. - dyAo^A) . (2.38) 

7 

It is the Volkov-Akulov Lagrangian describing the dynamics of a single gold- 
stino up to higher derivative terms. By nonlinearly realizing the algebra on 
matter fields (p as well, 

Sd) = -jiAcr^'-n - T]cr''A)d,ct> , (2.39) 

we can construct goldstino-matter couplings (0 denotes any kind of field). For 
any operator 0((p, d^(p) we simply have to replace partial derivatives by appro- 
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priate covariant derivatives so that O transforms in the standard way: 

60 = --|:(/la^77 - ncr^~X)d/) . (2.40) 
Then any action of the type 

S = -f J d^xdotiA)0 (2.41) 

is invariant under nonlinear transformations. It can be easily shown that, in the 
geometric method, the lowest order couplings between goldstinos and matter 
are of the type: 

-^m,, , (2.42) 
where T^y and t^v are the stress energy tensors of the goldstino and matter field. 

Another method for constructing goldstino-matter Lagrangians involves 
promoting the goldstino to a superfield A ||54ll55ll56ll57ll58| . This is done in a 
way compliant with the nonlinear supersymmetry transformations of the gold- 
stino so that in the end, the only physical degree of freedom in A is simply A. 
Since the basic concepts of goldstino Lagrangians have been presented along 
with the geometric method, we will skip this method and go directly to the 
next, which is the one used extensively in chapters [6] and [10] (in its A/" = 2 gener- 
alization). 

This is the method of constrained superfields | |59l l60l |6T1 162|1 . It draws in- 
spiration from a similar technique applied in bosonic symmetries for example 
in the context of cr models. One starts from the full manifold made up from 
the linear symmetry transformations and then restrict to a certain submanifold 
by imposing constraints on the coordinates. This breaks the original symmetry 
down to the subgroup that is left invariant under the constraints. E.g. in an 0(4) 
cr model of fields (cr,"7?) (7? is a vector of pions), we can break the symmetry 
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down to 0(3) by imposing the constraint cr^ +lt -if = f^. It is the same manifold 
that we would obtain by starting from a vacuum state (/, 0) and applying the 
elements of the coset space 0(4)/0(3). 

In the context oi N = I supersymmetry, this technique is realized in the 
following way. We start from a standard chiral superfield that describes a full 
supersymmetric multiplet and impose a specific constraint on it. Using the con- 
straint, we eliminate the scalar d.o.f . in favor of the fermion. In particular, the 
constraint 

Xli = 0, (2.43) 

delivers 

X,i = <Px+^e,Jfx + dOFx, with cPx='^. (2.44) 

The simplest possible Lagrangian of Z„/: 

Jd^eX^X^i + [J d^efX^t + h.c^ = \d^cPx\^+FlFx+[^^x^d,iJfx + fFx +h.c]{2A5) 

reproduces the Volkov-Akulov Lagrangian upon integrating out the auxiliary 
Fx and identifying tj/x with the goldstino. 

The advantage of this method is the use of superfield formalism. For ex- 
ample, the couplings of goldstinos to matter are easily constructed by treat- 
ing Xni as any other superfield and following the standard rules of superspace. 
As a demonstration, consider a supersymmetric theory with chiral multiplets 
O, = ((pi, ij/i, Fi) and vector multiplets V = (A^, A", D") coupled in a general way to 



+ ^Xni 0;0, + ^Z„/0,0,0, + i(l + ^Xn) Tr W"W„] + h.c.}, (2.46) 
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where mj, Bij,Aijk are soft terms for the scalars and is the gaugino mass. From 
this, one can find the Goldstino (t^x) couplings to ordinary matter and gauge 
superfields. 

Furthermore, this formalism seems to be more general than the geometric 
method since it can reproduce couplings that were missed by the latter [|63ll64| . 
In particular, from the equivalence theorem of spontaneously broken theories 
lHH, we know that for low energy SUSY breaking, the coupling of the gravitino 
to matter is dominated by the coupling of its goldstino component and has the 
form 

(1//) &'iffxJ^,= -(I If) ilfxd^Jf, + (total space-time derivative), (2.47) 



Here 7^ is the supercurrent of the theory corresponding to that in (|2.46|) in which 



the goldstino is essentially replaced by the spurion, with the corresponding ex- 
plicit soft breaking terms: 

- OiOyOi + 2m^02) jj. w"Wa] + h.c. . (2.48) 



With this, eq. (|2.47|) shows that, on shell, all goldstino couplings are proportional 
to soft terms. Indeed, the supercurrent of (|2.48|) is given by (with Df^jj = 6ij + 

2V2 ^ V2 



so 



= «A,>(m^0^ + 5,y0, + (l/2)A,y,0,-0,) + -^[(^^^^ (2.49) 



From (|2.47[) , (|2.49|) one then recovers the couplings with one goldstino that are 



missed in the geometric method. 
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Finally, in addition to usual SUSY and goldstino couplings, eq. (|2.46|) brings 
new goldstino-independent couplings induced by eliminating Fx- Indeed, we 
get 

(l - ^ \c^t?) 4 = -(f+jj Mj + ^ Mj^k + ^AA + •••). (2.50) 

So \Fx\^ generates new couplings in X, such as quartic scalar terms. As we will 
see in chapter[6l when applied to MSSM, they bring new corrections to the Higgs 
scalar potential. 
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Chapter 3 
MSSM5 



We apply the methods of EFT on the Minimal Supersymmetric Standard 
Model (MSSM). Our aim is to study the phenomenological consequences of the 
complete set of mass dimension five operators that obey the gauge symmetries 
of MSSM and R-parity [|66l|. Since not all of them are physically relevant, we 
will use spurion dependent superfield redefinitions to find the irreducible set of 
operators. But before getting there, we need to provide the Lagrangian of the 
model. 

3.1 The Lagrangian 

We denote the Lagrangian as: 



X - -Cmssm + -C (3.1) 

■Cmssm is the standard Lagrangian of the MSSM. In particular: 
£mssm = Jcte[ Zi H\ e^' H, + Zi Hi e"' + Lk 

+ I d^e\ - H2QXUU' -QAdD' Hx-LAeE' +nHiH^ + h.c)^{3.2) 
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Here JLk accounts for the gauge kinetic part and the kinetic terms of the quark 
and lepton superfields Q, , D'^ , L, E'^ as well as their associated soft break- 
ing terms obtained using the spurion field formalism. If^, D'^ and E'^ denote 
anti-quark /lepton singlet chiral superfields of components = and f^, 
f = u,d, e, while Q and L denote the left-handed quark and lepton superfields 
doublets. Furthermore, since the hypercharge of H\ is -1 and that oi H2 is +1, 
the vector superfields are Vi = giVl^cr' - gi Vy and V2 = g2 V'^ cri + giVy- Vy and 
Vw are the vector superfields of U(l)y and SU(2)l respectively with ^1 and g2 
being the corresponding couplings. All SUSY breaking terms are included by 
allowing spurion dependence in the quantities Z^,,// and the 3x3 flavor matrices 

'^U,D,E'- 

Zi = Zi(S,S^), fi=KS), Af = Af{S), F:U,D,E (3.3) 

where S = nioO^ is the spurion parametrising the soft supersymmetry breaking 
and mo is the supersymmetry breaking scale in the visible sector (e.g. if '/' is the 
v.e.v. of the auxiliary field that breaks SUSY, mo in gravity mediation is f IMpia„ck 
and in gauge mediation f IMmessenger)- Since we assume a spontaneously bro- 
ken effective Lagrangian, consistency of the integration procedure implies the 
restriction 

mo M. (3.4) 

denotes the complete set of mass dimension five operators that preserve R- 
parityl : 



X^'^ = ^i^Jd^e[QU'TQQD' + Q U' TlLE' + AH{H,H2f ] + h.c. 



^ For a general discussion of D=5 operators with discrete symmetries see Il65l . 
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+ J d'^d[A(S,S'')D"(B{S,S^)H2e-^')D^(Y(S,S'')e^'Hi) + h.c.]i3.5) 

The notation is such that 

Q W Tq QD'^^ ^ (Q V-f {i(T2) TqQD' 

Similarly, 

D"{B{S,S^)H2e-'''\DAnS,S^)e''Hr\ = S^)//J(jo-2>-^']D„[r(5, S^)e^'//i]. 

Tq^l are matrices of parameters both in the up and the down sector, thus they 
carry four indices. In addition, all SUSY breaking terms are parametrized in the 
usual way, with spurions: 

Tq = Tq(S), Tl = Tl(S), Ah = Ah(S), Yf = Yf(S,S\ F : U,D,E (3.6) 

M is the mass scale up to which the effective approach remains valid. It is asso- 
ciated with the mass of the heavy states that have been integrated out in order 
to obtain the effective operators. 

The spurion dependence associated to these operators is the most general 
one can have. For the kinetic terms it is: 

J^i = 1 + aiS + 5^ + a2SS^ , 

Z2 = l+ biS +blS^ + b2SS^ . (3.7) 

and for the higher derivative effective operator: 

A(S,S^) = ao + aiS +a2S^ + a3S 
B(S,S^) = fio+j3iS +fi2S^ +fi3S 

nS,S^) = yo + nS+y2S^+y3SS^ (3.8) 
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3.2 Keeping the essential: The irreducible Lagrangian 



The parameter space of Lagrangian (|3.1|) is huge. However, big parts of it are 
redundant since they describe the same physics. We would like to simplify the 
Lagrangian by removing this redundancy. One way to do this is by performing 
appropriate field redefinitions. A familiar set of holomorphic superfield redefi- 
nitions is 

O, ^ (1-^,5) O;, (3.9) 

which are commonly used in MSSM in order to restrict the so called "soft" 
breaking terms. We shall use this freedom later on. Less familiar are the fol- 
lowing (super)field transformationj^ 

H, ^ H\ = Hi-^D'[A,Hle''Hio-2)f + ^QpuU' 

H2 ^ H'^ = H2 + ^D^ [A2 Hi e^' {icr2)f + ^ Qpo + ^ LpE (3.10) 

where 

Pf=Pf{S)- F:U,D,E, A,- = A,(5, 5^) i = 1,2 (3.11) 

are arbitrary functions of the spurion. Also, pf, F = U,D,E are 3x3 matrices. 
The coefficients of their Taylor expansion in S are free parameters. We are free 
to fix them in a way to eliminate redundant dimension-five operators. These 
coefficients should have values smaller than M. The expansion of A, is: 

Ai(5,5"^) = So + SiS + S2S''^ + S3S S"^ 

A2(S,5^) = s'o + s\S + s'^S"^ + s'^S (3.12) 

^To avoid a complicated index notation, the transformations in (|3.10l l are written in matrix 
notation for the Higgs SU(2) doublets. For clarity, (10-2) appears explicitly even if it is implicit in 
the superpotential. 
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Notice that R-parity conservation does not allow for a similar set of transforma- 
tions (|3.10|) on quark and lepton superfields. In addition, these field redefini- 
tions, along with mixing operators from JLmssm and £}^\ generate operators of 
the type 

^ ^ d^e D\H2e-^'^\]e^' D^{^^e-^' Hi] (3.13) 

plus a similar one for Hi . Since these operators are of higher-order in 1 /M, their 
effects are further suppressed with respect to the dimension-five operators con- 
sidered and we shall neglect them for the time being. 

One then finds that the original Lagrangian transforms into: 

X = £k + Jd^e [Z\ Hi e^' Hi + Z2 Hi e"^ H^ 

J d^e[-H2QA'^U' - QA'jjD'Hi- LA'^E' Hi + idHiH2]+ h.c. 
^ J d^e[QU' T'qQD' + QU'r^LE' + AH(HiH2f] + h.c. 
^ J d^e [hI e^' QY'^U' + Hi e^' QY'jjD' + hI e^'L Y'^ E' + h.c] + A43.14) 
where 

AX = J J^e [ - Aj H2 e-^'D\Zi e^'Hi) - Zi H2 e"^' D^{^l e"' Hi) + h.c\ 

+ J [A(5,5+)D"'(5(5,5'f)//2e"^') ^a(r(5,5+)e^'//i) + /z.c.](3.15) 

The relation between primed and unprimed fields is 

A'piS ) = AAS ) + ^ Pf{S ), F:U,D,E (3.16) 



+ 



+ 



+ 



37 



also 



Y[j(S,S^) = Yu(S,S^)-4A2(S,S^)AuiS) + ZiiS,S^)puiS) 



and 



Finally, 



Y'j,(S,S^) = Yo(S,S^)-4Ai(S,S^)Ad(S) + Z2(S,S^)po(S) 

Y'e(S,S^) = Ye(S,S^)-4A,(S,S^)Ae(S) + Z2(S,S^)pe(S) (3.17) 



T'QiS) = Tq(S) + Au(S) pd(S) +pu(S) Ad(S) 



= TdS) + Au(S) ^Pe(S) + pu(S) ^Ae(S) 



Z[(S,S'') = Zi(S,S^)-^(4iu(S)A2{S,S'^) + h.c.), 
= Z2(S,S^)-^(4fi(S)A,(S,S'') + h.c.). 



(3.18) 



(3.19) 



We perform a second set of field redefinitions to canonically normalize the ki- 
netic terms: 



Hi 
with 



"0 - -^x 



^ H^^ ^\\-k2S^H2, k, = ^, k2 = ^ (3.20) 



s,st=o 



/ -7'/ 

= Zi 



K = Z2 



s,st=o 



^'1 - ^2 



(3.21) 



which can be directly computed using the definition of Z[ 2/^1,2 and A 1,2 given 
above. The Lagrangian then becomes 

£ = Xjf + AX+ fd^e[(l-^SS^)Hle^'Hi + [l-^SS^)Hle^'H2] 
+ J d^9[-H2QA'{jU' - QA'^D'Hi- LA'^E'Hi+ix'HiH2\ + h.c. 
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+ 



+ 



^ J cfe [h\ e^' QY'{,U' + Hi e^' Q Y'^ D' + hI e"^ L Y'^ E' + h.c] (3.22) 



Double primed quantities are given by 
1 





(1 




1 






(1 






1 





H'{S) = {\-{ki+k2)S^ m(S) = (l-iai+bi)S)iu(S)+0(l/M). (3.23) 



Since aQ,bQ are M-dependent, the couplings A'^j^^iS) and also yu'(5) have ac- 
quired, already at the classical level, a dependence on the scale M of the higher 
dimensional operators. This is denoted above by (9(1 /M) and can be easily com- 
puted using (|3.19|) and (|3.21|) . Note that this (9(1 /M) correction is relevant for 



the Lagrangian (|3.22|) . Similar considerations apply to that appear in the 



same Lagrangian. Their exact expressions in terms of initial parameters can be 
computed in a similar way. Further 

A'^iS) =(\-2(a,+h)S)AH(S), 7^(5,5^) = (\ - alS"^ ) Y'^(S,S'^) 
Y'i;(S,S^) = (l-b\S^)Y'^(S,S^), Y',;(S,S^) = (\-b\S^)Y'E(S,S^) (3.24) 



where we ignored terms which bring 0(1 /M^) corrections to (|3.22|) . Finally, AX 



in (|3.22|) is that of 0.15} after applying transformations (|3.20|) . Its component 



expansion up to 1/M order is: 

AX = J d^9 to H2e-^' D^[e^' Hi] 
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+ ]^ [ 4 [?i + ?2 + to(ai + bi)] h2 D^ir h-l [h -t2 + to(h - «i)] h2 Di hi 

+ l^{h+bito)h2Aiifjh, -2yl2(t2 + aito)if/k,Aihi-4t3Fh,Fh,] 

+ [ ~ 4 (?4 - ^1 h) h2 - 4 (?5 - ai h) Fh^hi+ltf, il/h^iphi ] 

+ -^y-A{t~i - aiU-bit^ + aibih) h2hi^ + h.c. (3.25) 

where and /li are components of the vector superfield V\ and we also used 
the component notation //, = (hi,if/h^, Fj^). We also replaced ^1,(^2) by ai, (Z7i) 
respectively, which is correct in the approximation of ignoring 1 /M^ terms in 
the Lagrangian. The coefficients are given by 

^0 = aoj3o7o + + s'q, U = d^- s^- a\ - b2 - bi s'* , 

Ti — Ui — S2 — Di Sq , '5 ~ "5 — CI2 Sq — Cli — — Sj , 

h = d2 — a\ Sq — $2, t(, = dd, 

h = di, - s\ - a\ s*Q - - b\ s^, t-j = d-j - a2 - aisl- b^s^ - Z?2^2* (3-26) 
with di being combinations of input parameters a,,>S„ 7, of eq. (|3.8|l 



di = -jSi ffoTo - Q'i/3oro/2, 
di = -yifioaa- aifioYo/^, 
ds = -a2 fio 70 - aopiyo - aoPoji, 



d4 = -/Ss ao To - >Si 0:2 ro - ao/3iy2 
ds = -y^fio cuo - ri Q'2 A) - cuofiiTu 

de = a3 yafio + ai>S2ro + c^fioyi 

di = -73 A ao-yifi^ao-yipi a2. (3.27) 



A suitable choice of coefficients sq, s'q, s'2, S2 entering in transformation (|3.10|) al 



lows us to set 



ti = 0, / = 0,1,2,3. 



(3.28) 
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This ensures that the nonstandard terms in the first, second and third lines of 
AX above are not present. The remaining terms proportional to and bring 
solely a renormalisation of soft terms, which are present anyway in Lagrangian 
(|3.22[) and can be ignored. Finally, the term ^in^in brings a renormalisation of 
the supersymmetric /i' term {jx'HiH2) of (|3.22|) and is invariant under the general 



field transformations (|3.10|) . In principle one could set additional coefficients of 



the last two lines in AX to vanish by a suitable choice of remaining 5i 3, s\ y we 
choose not to do so and instead save these remaining coefficients for additional 
conditions that can be used to simplify the Lagrangian even further. 

We have finally obtained the minimal set of dimension-five operators be- 
yond the MSSM Lagrangian: 

.2 ^2 



X 



+ 



-I- 



-I- 



X^+ r d'e\(l-'^S-^s)H\e''^H,+il-^S^s)Hle''^-H2] 

^ (fe[ - H2QA'{j(S)U' - QA';^{S)D'H^ -LA'^iS)E'Hi + ju"(5) //1//2] + h.c. 
^Jd^9[QU' T'QiS )QD' + QU'Tl{S)LE' + A'^iS ) (H, H2f] + h.c. 
d^e[Hy'QY'f^(S,S'')U'+ Hle^^QY'j;(S,S'')D'+Hle^'LY'j^(S,S'')E'+hx 



(3.29) 



X/f stands for gauge kinetic terms and kinetic terms of MSSM fields other than 
Hi 2, together with their spurion dependence. Also, /i" here includes the renor- 
malisation due to ?6 (not shown). As explained above, there is still some re- 
maining freedom to further reduce the parameter space and we will use it in 
the next section. The couplings that appear are given in equations (|3.16|) , (|3.17[) , 



(|3.18|) , (|3.23|) and (|3.24|) in terms of those in the original Lagrangian. The cou- 



plings A'{j^^{S) acquired a threshold correction 0(1 /M), which can be obtained 
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from (|3.23|) . The dimension-five operator that was present in the last line of 
(|3.5|) is completely "gauged away" in the new fields basis, up to effects which 
renormalised the soft terms or the supersymmetric ji term. Since physics is in- 
dependent of the fields basis we choose, in this new basis it is manifest that the 
last operator in (|3.5|) cannot affect the relations among physical masses of the 
Higgs sector. We discuss this in detail in section I4i4l 
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Chapter 4 

Phenomenology of MSSM5 



4.1 Further Restrictions from Flavor Changing Neutral Cur- 
rents 



The couplings in Lagrangian (|3.29|) can have dramatic implications if the scale 



M is not too high, in particular due to FCNC effects. Indeed, if and Y'^^^^ 
have arbitrary family dependent couplings, one expects stringent limits from 
FCNC bounds ||67| . It is possible however, under some mild assumptions for 



the original X of (|3.1[) , to remove the dangerous couplings in (|3.29|) . For exam- 



ple, assume that the flavor matrices in (|3.5|) and the Pu,d,e in (|3.10|) , (|3.11|) are 

lingJll 



proportional to the ordinary Yukawa couplings 



Tq(,S) = Cq{S) Au(0)^ AoiO) 

Pf(S) = CF{S)AFiO), F:U,D,E (4.1) 



and, as usual 



Af(S) = Af(0)(1 +AfS), F:U,D,E. (4.2) 



^The ansatz is motivated by the discussion in subsection I2.2.2i eq. i2.27} where a similar 
structure of Tq l and pf is generated by integrating out massive S U(2) superfields doublets. 
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Here cq^l{S) are some arbitrary input functions of 5; Af{S) are 3x3 matrices, 
while Ap are trilinear couplings. In the following CpiS) = + S c^, F = U,D,E 
are considered free parameters which can be adjusted, together with the remain- 
ing i'l 3, s\ y to remove some of the couplings in (|3.29|) . Indeed, if 

cu{S ) = -cdS ) - ce{S ), cd{S ) = -cq{S ) + ct{S ) + ce{S ) (4.3) 

while Ce{S) remains arbitrary, one obtains 

r'(5) = 0, n(5) = (4.4) 



We can therefore remove the associated couplings in (|3.29|) , that is the first two 



terms in the third line. Finally, let us assume that in (|3.5|) we also have 



FK5,51^)= /KS,5^)if(0), F:U,D,E (4.5) 

where fp are spurion dependent but family independent functions of arbitrary 
coefficients: 

/K5,5+) = /o^ + 5 f( + S^f^ + S 5 Va^ (4.6) 
Using (|3.24|) , we find that the couplings in (|3.29|l are 



YpiS,S^) = AF{0)[xi^ + x^S+x^S^+x^SS^], F = U,D,E (4.7) 



One finds 



jC3^ = -4s'^ + alc'^ + a2C^ -al x"^ (4.8) 
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Similar equations exist for the fields in the D and E multiplets. We just need to 
replace U ^ D {or E), s'^ s,- and a, bj. 

Let us examine if the form of Y'p(S,S'^) can be simplified using the free pa- 
rameters that we are left with: these are si^3,s\^ from general transformations 
Ai^2 and ce(S) = Cq + S cf, a total of 6 free parameters. We can use s[ 3 (^•i^) to 
eliminate S and 5 5^ parts of 7^ {Y'o)> respectively. Using Cq and cf we can 
also eliminate the S and 5 5^ of 7^'. In conclusion, we used the remaining 6 free 
parameters to bring Yp to the form 

Y';iS ^) = Y';{0, S^) = ApiO) (x^ + S"^), F : U, D, E (4.9) 



The coefficients x^^^ depend on the arbitrary coefficients ff", z = 0, 1, 2, 3, a,, bi, c, 
of the original Lagrangian (|3.1|) . Other simplifications can occur if we ignore the 
couplings Y of the first two families. With these considerations, the Lagrangian 
in (|3.29)) takes the form 



£k+ f d'e[(l-'^_S's)Hle'^H,+(l-'^S'^s)Hle''^H2] 

J (fe[-H2Q A'uiS ) U' - QA'^iS )D' - L A'^iS )E'H^ + H2] + h.c. 

^ J [h\ e^' 2 7^(5 ^) t/^ + Hi e^'- Q Y'^{S^) D' + //J e^^L y;;(5 E' + h.c] 

+ J d^O A'H(S)iHiH2f + h.c. (4.10) 



+ 



+ 



with couplings (|4.9|l and (|3.23|i H This Lagrangian defines MSSM5; the extension 



2 ) acquired a threshold correction in M: ^'^^(0) = .i(/(0) [l + 1 /M [jj(0) cu(0) + 2 (jj.(0) so + 
ld*(0) SQ))j with similar relations for D, E obtained by .so — > and U D, {U — > £). In terms 
of original parameters, io - -[-^"l-filjl) bi - 4 c/* + {f\' + + + cf + oi c,^ + /?! Cq )]/4 (oi - fei) 
with (i3 as in l|3.27l l; for the D,E sectors we use s,', - -ayS^jQ - sq. Similar relations exist for 
non-supersymmetric counterparts, see (|3.23l l, l|3.241 . 
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of MSSM by mass dimension five operators. 



4.2 Phenomenological Implications 

In the following we explore the new couplings that MSSM5 brings with respect 
to standard MSSM Il69l[70| . We begin with couplings proportional to mq. Part of 
these are coming from the terms in the second-last line of (|4.10|) . These include 
nonanalytic Yukawa couplings [|12| 



M 

'^x^(A^)ij(hlqu)d';,j + h.c. 

^ xl iA^)ij (hi lu) 4i + h.c, Al = Xm, F :U,D, E. (4.11) 



These couplings are not soft in the sense of H68l|, but "hard" supersymmetry 
breaking terms in the sense of ||T2l [T3| . They are less suppressed than those 
listed in [|T2| where they were generated at order itIq/M^. Such couplings can 



bring about a tan/3 enhancement of a prediction for a physical observable, such 
as the bottom quark mass relative to bottom quark Yukawa coupling IITTl ITTI . 
This effect is also present in the electroweak scale effective Lagrangian of the 
MSSM alone, after integrating out massive squarks at one loop level, with a 
result for bottom quark mass ||Tn[7Tll72l[73l[74l 



nib 



vcosjS 



[Ai, + 6A1, + AAh tan /s) (4.12) 



where Ah is the ordinary bottom quark Yukawa coupling, 6Ah its one loop cor- 
rection and AAb is a "wrong" Higgs bottom quark Yukawa coupling, generated 
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by integrating out massive squarks. In our case, A/l^ receives an additional con- 
tribution from the second line in (|4.11|) . The size of this extra contribution due to 



higher dimensional operators, can be comparable and even substantially larger 
than the one generated in the MSSM at one loop level (for a suitable value for 
X2 mo/M - recall that is not fixed). Such contributions can bring a tan^S en- 
hanced correction of the Higgs decay rate to bottom quark pairs. Similar con- 
siderations apply to the U and E sectors. 



Other similar couplings derived from (|4.10|) and proportional to mo are 



— ^2 (^0 ^ (^1 ^2) "fiy + 

^ x'i {h\ qu) (hi qlj) + h.c. (4.13) 



where we used that A[^" and are equal up to (9(1 /M) corrections, see (|3.16|) 



and (|3.23|) . The above terms are strongly suppressed due to the square of the 



Yukawa coupling, in addition to mq/M «; 1, so their effects are expected to be 
small, except for the third generation. Their counterparts in the down (D) sector 
are 

^ x^ (A^^ A^)ij (hi h\) dui dlj + h.c. 

^ x^ (A^ A^% (hi qu) (hi qlj) + h.c. (4.14) 



In the lepton sector similar couplings are present, obtained from eq. (|4.14[) with 
Q ^ L, D ^ E. All the quartic couplings listed above are renormalisable, but 
naively they would seem to break supersymmetry in a hard way if inserted into 
loops with a cutoff larger than M. This, of course, is just an artifact of using a 
cutoff larger than the energy scale of the heavy states that we integrated out. 
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It is interesting to note that there is no "wrong" Higgs-gaugino-higgsino cou- 
pling generated |[T2|, even though the original Lagrangian in eq. (|3.5|) included 
it, see eq. (|3.25|) where 



^ ((Afc Ai hi + h2 Ai if/h^) + h.c. (4.15) 

was present. Such a coupling can be generated at one loop level ||TT|] but in our 
case it was removed by the Higgs fields transformation (|3.10|) . This shows that 



not all "wrong" Higgs couplings are actually independent (this may also apply 
when such couplings are generated at the loop level). 



Note that in the MSSM5 defined by eq. (|4.10[) , couplings proportional to mo 



involving "wrong" Higgs A-terms are not present, given our ansatz (|4.1|) and 
(|4.5|) leading to (|4.9|) . If this ansatz is not imposed on the third generation, then 
one could have such terms from (|3.29|) 



2 

m 



[y»,3 h\ qL^3 u*^j + yd,3 hi qL,3 4,3 + 3^e,3 ^2 £^,3] (4.16) 



where f = u,d,e are the coefficients of component 5 5 of Y"{S,S ^) of third 
generation. 

There are also new, and perhaps most important, supersymmetric couplings 
that affect the amplitude of processes like quark + quark squark + squark or 
similar with (s)leptons. These are 

^ ^0 (-^o^ki ^Li d^j qik + h.c. 
^0 (^0 )'7 (^oh qu u*Rj qtk d'ni + h.c. 



M 

^ 4 iA^)ij (A^h hi el J qik + {L^Q,E^U) + h.c. (4.17) 
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They can be important particularly for the third generation. The largest effect 
would be for squarks pair production from a pair of quarks; the process could 
be comparable to the MSSM tree level contribution to the amplitude of the same 
process l|75ll . Indeed, let us focus on the qq qq* in MSSM generated by a 
tree-level gluon exchange. The MSSM amplitude behaves as 

^qq^g^qq' p ; (4-18) 



where s is the Mandelstam variable. On the other hand, the operators (|4.17|) 
generate a contact term contributing 

if/ iD 



The dimension-five operator for the third generation has therefore a comparable 
contribution to the MSSM diagrams for energies E > g^M, which can be in the 
TeV range. In MSSM there are other diagrams contributing to this process, in 
particular Higgs exchange. It can be checked however that at energies above the 
CP-even Higgs masses, the MSSM amplitude decreases in energy whereas the 
contact term coming from the dimension-five operators gives a constant con- 
tribution which is sizeable for high energy. Of course, at energies above M we 
should replace the contact term by the corresponding tree-level diagram with 
exchange of massive S U(2) doublets (or whatever other physics generates this 
effective operator). 



Note that couplings similar to (|4.17|) could also be generated by the term 



/ (fe{QU) Tq{QD) of (13:291) . This term is not present in MSSM5 of (I4l0l) due to 



our FCNC ansatz (|4.1|), (|4.4|) : however, the ansatz could be relaxed for the third 
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generation. Therefore the above process of squark production can have an even 
larger amplitude from contributions in the third line of (|3.29|) . 



The Lagrangian (|4.10|) also contains other supersymmetric couplings involv- 
ing gauge interactions which can be important for phenomenology. They arise 
from any dimension-five D-term in (|4.10[) giving 

+([/ -^D,Hi^ H2, Vi V2) + {Q^ L,Hi^ H2, Vi -^V2,U^E) + /i.c.(4.20) 



where Di, Ai are the auxiliary and gaugino components of Vi vector superfield, 
and 



S r ~ 1 

Di = —y[hla-hi+hla-h2+q[fa-qLi + l[i^lLi\ 



g 1 4 2 ~ 

+ y [ - h\hy + h[h2 + -q^qu - tWr/M^, + -:;dRid\i - \^ hi + 2 g^,.](4.21) 



Here is the covariant derivative, = 5^ + ijl Vi^^, where Vi,^ is the gauge 
field of the vector superfield V\ = giVl^^cr' - gi Vy, introduced in eq. (|3.2|) . Cou- 



plings similar to those above are generated by the substitutions shown in (|4.20[) . 
Some of them can be phenomenologically important, e.g. those involving 2 
particles and 2 sparticles such as Higgs-quark-squark-gaugino or gauge-quark- 
higgsino-squark, arising from (|4.20|) . Also, we notice a term with a "wrong" 
Higgs-squark-squark derivative coupling. 

Yukawa interactions also generate supersymmetric couplings of structure 



similar to some of those in (|4.20|) , involving 4 squarks and a higgs or 2 squarks 
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and 3 higgses or 2 squarks, 2 sleptons and a higgs. However, these arise at or- 
der /l^, where Ap, F : U,D,E are Yukawa couplings entering (|4.10[) . Therefore 



they are suppressed both by the scale M and, relative to the above gauge coun- 
terparts, by an extra Yukawa coupling. This is due to the presence of an extra 
Yukawa coupling in the third line of (|4.10|) relative to ordinary D-terms. The 



strength of these interactions is also sub-leading to other Yukawa interactions 
listed so far which also involved fewer (s)particles. 

Finally, supersymmetric couplings with 3 higgses and 2 squarks or 2 slep- 
tons arise from {HiH2f of (|4.10|) , suppressed by two Yukawa couplings and by 
the scale M. Also, there exist potentially larger couplings of 2 higgses and 2 hig- 
gsinos, being suppressed only by Ah{0) and the scale M. In addition, there are 
non-supersymmetric couplings with 4 higgs fields whose effects are discussed 
in section 1131 This concludes our discussion of all the new couplings generated 
by dimension-five operators in the MSSM5. 



4.3 The MSSM Higgs Sector with Mass Dimension Five Oper- 
ators 

In the following we restrict the analysis to the MSSM Higgs sector extended 
by mass dimension five operators and analyse their implications. In this sector 
there are in general two dimension-five operators that affect the Higgs fields 



masses, shown in eq. (|4.22|) below. According to our previous discussion the 



last operator in (|4.22|) is redundant and can be "gauged away". However, in 
this section we choose to keep it, in order to show explicitly that it does not 
bring new physics of its own. The relevant part of MSSM Higgs Lagrangian 
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with dimension-five operators is 

Xi = J d^e [Zi(5,5^) Hie""' Hi + Z2(S,S'^) //Je^^/^a] (4.22) 
+ J d^e[fi(\ +CiS) H1H2+ ^ (\ +C2S)(HiH2f]+h.c. 
^ J d^e [A{S,S D" [5(5, 5 H2 e'^' \d„ [r(5, S e^' //i ] + /z.c.) 



+ 



Additional spurion dependence arises from the dimension-five operators con- 
sidered. For the definitions of A(5, 5^), B{S,S^), T{S,S^) see eq. (|3^. After elim- 
ination of the auxiliary fields and a rescaling of scalar fields, the scalar part of 
Xi in (|4.22|) becomes: 



o yvjf 
+ m^ + \h2\^)(Ji*h,h2 +h.c.)-'^ C3(62(h,h2f + h.c.) (4.23) 

- (l/ip + m])\hi p - (l/ip + ml)\h2\^ - (hi h2BmoM + h.c.) - h\D^ hi - h^ h2 

where 

m] = ml{\ai\^ - 02) + O(mo/M) 
ml = ml(\bi\^-b2) + Oimo/M) 
BniQH = fimo{ci - ai - bi^ + O(mo/M) (4.24) 



The O(mo/M) corrections in (|4.24|) are not shown explicitly since they only renor- 



malise mi_2 and Bmofi which are anyway unknown parameters of the MSSM. We 
denoted 

61 = -fiiaoyo + yifioao -aofioyoiai-bi), 62 = C2 + 2(ai + bi), (4.25) 
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We notice the presence of three contributions in the scalar potential, introduced 
by our dimension-five operators. The contributions proportional to C3 are due 
to {HiH2f in (14:221) and were discussed in Ell (also HZSKZHISOllSll; for a review 



see Il82l ). The one proportional to 

m^-\h2?)ih,h2 + h.c.), (4.26) 



was introduced by the dimension-five operator in the last line of (|4.22|) . This is 
a new contribution to the scalar potential, and is vanishing if ao = fio = 70- An 
interesting feature is that its one loop contribution to hi 2 self energy remains 
soft (no quadratic divergences) despite its higher dimensional origin. 



4.4 Higgs Mass Corrections Beyond MSSM 



Let us consider the implications of (|4.23|) for the Higgs masses. The scalar po- 
tential is 

V = mj\hi\^ + ml\h2\^ + (^Bmof^hih2 + h.c.) + Y(\hi\^-\h2\^f 
+ h2 P) (771 h h2 + h.c) + (1 /zi P + I h2 ?) [m hi h2 + h.c.) 

+ Uri3(hih2)' + h.c) (4.27) 



where the definition of 7712,3 ~ l/M can be read from eq. (|4.23[) . We take for 
simplicity 77, real, and therefore 773 > 0, 1772I < 773/4. Also 



g'^g\+ g\ (4.28) 



Consider quantum fluctuations of hi around a vacuum expectation value 

1 



hi = — (V; + hi + /(T,), 7 = 1,2 

V2 



(4.29) 
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From the two minimum conditions for the scalar potential V of eq. (|4.27|) one 
can express mi 2 in terms of Bnio/u, Vi, V2 to find: 



vi 8 

Vl 1 



2 Vl 



2 Vl 



m Vl 



-Bmofi - + - g\v,' - - ^ (vf - 3 v^) - ^ - (3 + vf) - ^ vf(4.30) 



V2 8 2 V2 2 V2 

which shall be used in the following. The mass matrix is 



Mi! = -- 



2 dhidhj 



/!,=v,/ V2,a-,=0 



(4.31) 



where 



2ml + (3vi - vj) 2Bmoiu - \ g^vi V2 



^ 2 BniQix -\g^vi V2 2fn\ - ^g^{v\-3 v\) 



2 1 „2 /„2 



(4.32) 



and 



2 



6 (771 + 772) Vl V2 + 773 V2 3 (?7i + ^72) Vj + 3(7/2 - 771) v^ + 2?73 vi V2 



, 3 (?7i + 772) v\ + 3(772 - 771) V2 + 2?73 Vl V2 6 (772 - 771) Vl V2 + 773 v\ 



(4.33) 



The mass eigenvalues m\ ^ of A1,y are 



m 



h,H 



M 



2 _ 6?7i 



h,H 



+ 3?72 



Bnio/u (Vi - V2) + ViV2(7ni - + ^(^1 - ^2)) 
1 



V1V2 + — ^(Vi + v\){-ABmQix + / V1V2) 
2 Vw 



+ vl± -^(2(ml - rnlXvl - vj) + g\vl + vlf 



l6BmofiViV2^ 



(4.34) 



where upper (lower) signs correspond to the lighter 777^ (heavier 777^) Higgs field 
and Ml ^ expresses the pure MSSM part: 



M: 



h,H - 



777, 



+ + — (v? + v?) + - Vvv 



4 



(4.35) 
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Also, 

w = (4Bmofi-g\v2f + 4{ml-ml + ^(vl-vl)f (4.36) 

With the values of mi 2 expressed in terms of Vi 2 and 5mo/i from minimum con- 
ditions (|4.30|) , one can express ^ of (|4.34|) as follows 



2 m| Bmo^(u^ + 1) _ V^^' 



+ [771 + 7/2 <?f + m q^] (4.37) 
with 



^1 = 



l-6u^ + u^ _ mlu(l - Uu^ + M^) + 5m()Ml + m^)(1 + IOm^ + m^) 



1 1 Lry 

qi - 



4m(1+m2) 4m2(1 +m2) Vvv' 

^3 = +7^ ^-^[5moMl+w')-m|Ml (4.38) 



where 

w' = mi + [5moyu(l + u^f + 2m2M(l - + M^)] (4.39) 

and where we also used vi = vcos/3, V2 = v sinjS, m = tan^S, m| = ^^v^/4 and 
5mojU < 0. 

Similar considerations apply for the pseudoscalar Higgs/Goldstone boson 
sector. The mass matrix in this case is 



hi=Vil yll,d-i=0 



d&idd-j 



(4.40) 



with entries 



2 

2 1? 2 2 ^3 2 

Ml = "^1 + y (Vi - V2) + (771 + ?72)ViV2 - yV2 

N12 = -—(v^-V2)-—(v^+V2)-r]3ViV2-Re{Bmoiu) 

2 

N22 = m2-|-(v?-v^) + (?72 - 77i)viV2-yv? (4.41) 
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The eigenvalues of are 



m 



G,A 



— (m^ + ihh + n 



8 



+ ^ [5moyu(Vi - vj) + vi V2 (mi -ml + ^(Vj - vj))] 

+ 7/2 V1V2 + ^(Vi+Vj) 

11 

+ m[-j(vl + vl) + — (85moA/ViV2 + (v] - vl){m\ - ml) + — {v\ - v\f)\ 

(4.42) 



with 



K = l6[4(BmoMf + [m\-ihl + ^ {v\ - vl)f] 



(4.43) 



where the upper sign corresponds to the Goldstone and the lower sign to 
m\. One can use (|4.30|) to replace mi 2 in terms of Vi_2 and m^ . Using (|4.30[) one 
shows that mc = and 



m. = 



_v[+v| 

2viV2 
1 



[ 2 BniQijL + ?7i (vi - vl) + ?72 (Vj + v\) + 2773 vi V2] 
- 1 



5mo// + 



?7i V 



2 1 + 2 



772 V -773 V 



2m 2m 

By eliminating BmoU between (|4.37[) and (|4.44[) , one obtains the masses m/, 



(4.44) 



If 2 

= 



m 



+ m 



2 



Vvv"J + 



+ 



2?72 u 

1 +m2 



1 + 



m^ + m| 



+ 



(1 + u^f Vvt^ 

2r (m^ -m|)(M2- 1)2 



773 V 



1 + 



Vvi^ (1 + m2)2 



(4.45) 



where the upper (lower) signs correspond to h (H) respectively and 



1 - 6m2 + m^ 



w 



II - ,^4 . „A O .„2 .„2 ^ -r w 2 , ..,2x2 /t .„2 ...2 2. 



= (m^ + m|)^ -4 ml ml cos^ 2/3 (4.46) 
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Replacing u = tan^S in mi, H one obtains an equivalent form of nih H 



m, 



'■-^ = ]r\m\ + m| + Vvv"] + 771 sin 4/3 



+ 772 V sin2y0 



1 + 



+ m| 



+ 



773 V 



2 r 



1 + 



{m\ - ml) cos^ 2/3 



For 772 = 773 = one finds from (|4.47[) 



(4.47) 



(4.48) 



which is independent of 771. Then 771 does not affect the relation among physical 
masses which is consistent with the result of section 14.31 where the last term 
in (|4.22[) , responsible for the 771 term in V, could be removed by a suitable field 
redefinition. 



In the limit of large tan yS with fixed at a value > niz one finds: 



2 2 



(772 - 771) cot/3 



Am\m\ 
ml -ml 



2 ml ml (ml — ml) 



cof + 0(cot^ /3) (4.49) 



and 



m 



H 



ml + 773 + 



4 (ml 771 - ml 772) 



ml -ml 



cot/3 



+ 



Ami 
ml -ml 



1 - 773 V 



4 , 4 



2 7n^ ml (ml - ml) 



coi^ /3 + 0{coi^ /3) (4.50) 



Therefore 



4 m^, 



^^h = 2 2 



(57n 



^(772-771) coi/3 + 0{coe/3) 

T -r ?7l - 7717772) ^ T 



2 2 



(4.51) 
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in agreement with [[76|1 for rji = 0. The above expansions for large tan/3 should 
be regarded with due care since they are the result of a double series expansion 
in rii and 1/ tan/3. Assuming r]3 = (then 7/2 = 0, too), the term proportional to 
cotjS in (|4.49|) is larger than the sub-leading one (cot^jS), giving - m| > if 
\rji/g^\ > 1 1(4 tan/3). This bound is however outside the validity of the perturba- 
tive expansion in rji as we shall see shortly and then the large tan/3 expansion 
is not useful. If ?7i 2 = and 7/3 > one could obtain > mz if also the square 



bracket in (|4.49|) is negative, which is more easily satisfied (for a small 773) if 
is very close to mz, but then the above large tan/3 expansion is not reliable. 



Let us therefore analyse the validity of the corrections to ^ from eq. (|4.47|) 
in the approximation used. For our perturbative expansion in ?/, to be accurate 



we require that the //-dependent entries in the mass matrix Mij (|4.31|) be much 
smaller than the corresponding values of these matrix elements in the MSSM 
case. From this condition one finds 



3 (?7i + 772) Vi + 3 (772 - 771) V2 + 2773 vi V2 

1 



1 2 
«; - ^ V1V2 



6(?72-'7l)VlV2 + 773 Vi 



6(?72 + m)vi V2 + 773 vl 



1 2 



(4.52) 



Similar conditions are derived from the pseudoscalar Higgs mass matrix ele- 
ments Nij (|4.40|) . One may find this condition too restrictive; in principle it may 



not be necessary to impose the leading 77, ~ (9(1 /M) contribution to the mass 
matrix entries be suppressed relative to the MSSM zeroth order and that one 
should instead ask that the 0(1 /M) correction dominate over the higher order 
terms (9(1 /M^) [83]. However, at the quantitative level this leads, for the present 
case, to results which are similar or even stronger (for example for 773) than those 
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derived here from comparing the MSSM zeroth order against the 0(1 /M) terms. 
From these one can obtain upper bounds for each 77,. Having imposed these 
bounds, we can examine if the dimension-five operators bring a significant con- 
tribution to the higgs mass and in particular if we can surpass the tree level 
bound nih < mz. 

That would mean to also impose some lower bounds in order to achieve the 
desired increase. In the approximation considered, these bounds are derived 



from (|4.45|l with (|4.52|) and give 



i^f^o + 1 - p){l + u^f ^faj ??i . f u 3u^-\\u^ 

< — T «; min • 



32m(m2-1) - g2 16(m2-1)' 24m ' 24 



■u 



(V^+ l-p)(l +^2)2 773 . (1 1^2-31 u^-l M^-l , 

< — «c mm ——, — - — (4.53) 



4[(1 +m2)2^_(P_ _ j<2)2] g2 U' 4m2 ' 4 ' 4 

with (x) = ip-iy- + \6u^p/{\ + 1/2)2 p = m\lm 



Assuming 772 = 0, then m/, > niz is possible if one or both eqs in (|4.53|) are 



respected. On the other hand, it has no solution for t/i within 1 < tan^S < 50 
and m^/mz > 1; ?7i alone cannot change the MSSM bound nih < niz within our 
approximation. If 1 < m\lm\ < 2 A3 there is a somewhat "marginal" solution 
for 7/3, with niAlmz close to unity and large tan^S preferred, to enforce the "«;" 
inequalities in (|4.52[) and (|4.53|) . For example, if = mz and tanyS = 50, the 



lower bound on 773/^2 ig rj-ilg^ > 0.02 while 7/3/^2 <§; 0.25 is also required. In this 
case, for tan^S = 50 the increase of m^^ relative to m\, 6r = (ml - m\)lm\ equals 
6r = -100/2501 +27/3/^2. Therefore 5, = 12% or irih ~ 102 GeV if 773/^2 = 0.O8, 
corresponding to 773 = 4.4 x 10 2. Larger values for nih should be regarded with 
care, since they would correspond to cases when "«;" of (|4.53|) is not comfort- 
ably respected; if 773/^2 ~ o.04 then 6r ~ 4% or lUf, « 95 GeV. Further, if we now 
increase ma even by a small amount relative to niz, tn\ ~ l-^w^l and tan/3 = 50, 
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the lower bound on 773/^^ is 0.1 18 which is difficult to comply by a good margin 
with an upper bound unchanged at rj-ilg^ «; 0.25. Even so, the relative differ- 
ence would be only 6r = 2x 10"''%, {ris/g^ = 0.118), therefore the increase of 
nif, is negligible. So far we took 772 = 0. If we allow a non-zero value for 772, 
which also requires non-zero 773, their combined effect on increasing is not 
larger and the above results remain valid. Note also that for large tan/3 regions 
1 /M^-suppressed operators can be important and can affect the results l|76l . 

From this analysis we see that 771 alone cannot change the MSSM tree level 
bound mit<mz within the approximation we discuss. This is consistent with sec- 
tion |43l where it was shown that the operator which induced the 771 term could 
be removed by a general field redefinition of suitable coefficientdj. However, 
773 can increase nih to values ~ 95 - 100 GeV if ^ iriz, with the higher values 
close to the limit of our approximation. Therefore it is the susy breaking term 
associated to (Hi i/2)^ that could relax the MSSM tree level bound. This increase 
brings a small improvement. To conclude, adding the quantum corrections is 
still needed ESI to bring /n,, above the LEP II bound of 114 GeV fTTl . 

These findings show that the MSSM Higgs sector is rather stable under the 
addition of dimension-five operators, in the approximation we considered (ex- 
pansion in 1 /M) of integrating out a massive singlet or a pair of massive S U (2) 
doublets which generated the 771 2,3 contributions. If M is low enough, the ap- 
proximation used by integrating out these massive fields becomes unreliable, 
and one should recompute the full spectrum keeping all fields dynamical. Then 
the quartic interactions that the initial massive fields brought can be larger or of 
similar order to their MSSM counterparts and in principle they can change the 



^To see this one can also start from l|4.221 and perform a "smaller" version of redefinition 
(I3l0l l, withpF^O. 
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above conclusions. 



4.5 Including Loop Corrections 



It is worth mentioning the value of m/, in the presence of one loop corrections 
from top - stop and dimension five operators l|88B , mentioned in the text: 



+ (2^ioyUo) sin2y8 
where 



1 + 



+ 



(-2^11 mo) 



(m/ - m^) cos 2/3 



(4.54) 



w = [{ni^ - ml) cos 2/3 + + sin^ 2/3 {ni^ + m|)^ 



m 



'2 



m] + m\+ ^/2 + (2^io;Uo) sin 2/3 + mov^ ^ = 5ml sin^/3 (4.55) 



where 5 is the one-loop correction from top-stop Yukawa sector to A^^ of (|5.38|) 
which changes according to ^ + ^) where Ii89ll92| 



5 = 



3 hi 



In — + h 

mr 4 327r2 



^ (3/.^16^^)fe + 21n^")ln^~ 



2 {At niQ- IX coipf 

12 M? 



[1 



(A,mo- ju cot /3)^ 



(4.56) 



with M? = m,- mf„ and the QCD coupling. The combined effect of J = 5 op- 
erators and top Yukawa coupling ht is that m/, can reach values of 130 GeV for 
tan^e < 7 with a small fine-tuning ||8ll85l|86ll8ZlA< lOiland with the su- 
persymmetric coefficient giving a larger effect than the non supersymmetric 
one, ^11. Even for a modest increase of m/, from d = 5 operators alone of or- 
der C)(10GeV), their impact on the effective quartic coupling of the Higgs field 
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is significant (due to the small value of the MSSM gauge couplings), and this 
explains the reduction of fine-tuning by the effective operators ll90ll9Tl . 
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Chapter 5 



MSSM HiGGS WITH Operators 
OF Mass Dimension 5 and 6 



We generally expect that corrections to observables from higher order oper- 
ators will be subdominant to those from the leading, dimension five ones. Nev- 
ertheless, we saw in section l4!4l that in the limit of large tan/3, the correction to 
the mass of the Higgs due to mass dimension five operators is tan^S suppressed. 
In that limit, corrections from dimension six operators can become comparable 
to dimension five since ~ l/(Mtan/3). Therefore, in order to complete the 

study of the leading Higgs mass corrections from effective operators, we need 
to include the contribution from dimension six operators. Since the latter is not 
tan/3 suppressed, the sequence ends here, as dimension seven or further will 
always be subdominant. 

5.1 The Relevant Operators 

We focus on the Higgs sector of the complete Lagrangian ||93| . This is comprised 
of the MSSM higgs sector Xo and the complete set of mass dimension-five and 
six operators. For Xo we have 

Xo = r d^O Yj ZiiS , S ^) hJ e^- Hi + ( j d^O + B niQ 66) H^-H2 + h.c\ (5.1) 

63 



in standard notation. Here Zi(S,S'^) = 1 - c, 6669 with i = 1, 2, c, = 0(1) and 
mo is the supersymmetry breaking scale as presented in the previous chapter. 

We extend this Lagrangian by higher dimensional operators. In dimension- 
five we have the usual contributions studied in the previous chapter: 

Xi = ^ J d^6aS)(H2-H,f+h.c. 

= 2 ih2 ■ hi){h2 ■Fi+F2- hi) + mo (/ii • + h.c, 
£^ = L J d^6 [A{S,S'^)D"[B(S,S'^)H2e-^']D„[Y(S,S'^)e^' Hi] + h.c] (5.2) 

wherql 

-^aS) = Cm + ^11 mo 66, ^lo, - l/M, (5.3) 

with S = 66mo the spurion superfield. We assume that 

mo «c M (5.4) 

so that the effective theory approach is reliable. 

£.2 is eliminated by generalised, spurion-dependent field redefinitions as it 
was shown in detail in the previous chapter. For this reason we keep only Xi 
for the discussion below. These redefinitions bring however a renormalisation 
of the usual MSSM soft terms and of the fi term as well as additional corrections 
of order 1 /M^. Since in the following we will write down and study the full set 
ofd = 6 operators, the latter will be automatically included. 



The list of J = 6 operators is ||94| 



^We switch to a notation best suited for the analysis here. The dictionary is: 772 - 2(u)fj*, 
773 - -2 mo^i 1 . With respect to the literature: In tSSlI 7/2 — » ^1 , — » ^2 and in Il76l 772 — » 2eir, 773 ^ 2e2r ■ 



64 



1 

w 

1 

M2 
1 

M2 

1 

1 

M2 

1 

M2 




Z3(5, 5 ^) (/ff //i) (/fj /f2). 



d^e ZsiS, S (//f e^' Hi) H2. Hi + /i.e. 
(i^e Ze{S,S ^) (//^ H2) H2. Hi + /i.e. 



(fe 27(5, 0) — ^ Tr Wa {H2 Hi) + /i.e. 



d^e [Z^{S,S^) {H2Hif + h.c] 



g K 



(5.5) 



— 2 



where = (-1/4)D e'^D'^e^ is the chiral field strength of SU(2)l or U(1)y 
vector superfields and Vy respectively. Also Vi,2 = V^((r"/2) + 1/2 Vy with the 
upper sign for Vi. The remaining d = 6 operators are: 



Also Vq, Hi = e'^' Da e^'Hf and Wa'' is the field strength of V,. In the most generic 
case, the above operators should actually include spurion dependence of ar- 
bitrary coefficients under any Vq,, in order to include supersymmetry breaking 
effects associated to them. The wavefunction coefficients introduced above have 
the structure 



— Z,(5, 5^) = aio + an mo 96 + a*^ mo 99 + aa ml 9999, atj ~ 1/M\ (5.7) 
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(5.6) 



1 



Regarding the origin of these operators: (9i 2,3 can be generated in MSSM with 
an additional, massive gauge boson or SU(2) triplets integrated out ||76B . 
O4 can be generated by a massive gauge singlet or SU{2) triplet while 6)5,6 can 
be generated by a combination of SU (2) doublets and massive gauge singlet. 0^ 
is essentially a threshold correction to the gauge coupling with a moduli field 
replaced by the Higgs. exists only in broken supersymmetry but is generated 
when redefining away the d = 5 derivative operator, thus we keep it. 



Let us consider for a moment the operators ...u in the exact supersymme 
try case. We can use the equations of motion to set some of them on shel 



I 2 1 2 

--D (Hi e^^) +nHl {iaj) = 0, -D {H\ e^') + h H^(icr2) = (5.8) 



We find that in the supersymmetric casC 



d'*9 H[ V e^^V^Hi = 16 



(5.9) 



and similar for Oio- Regarding Ohm, they vanish in the supersymmetric case, 
following the definition of V" and an integration by parts. Furthermore, <9i3j4 
are similar to Ogjo which can be seen by using the definition of W^'' and the 
relation between (V^) and D^, 0). 

Summarizing, in the exact supersymmetry case the operators .14 give at 
most wavef unction renormalisations of operators already included. The super- 
symmetry breaking terms also bring simply soft terms and jj. term renormal- 
ization. Since these terms are anyway renormalised by (9i g, where spurion 

2 Superpotential convention: \ cP-Q^iHi.Hi = \ SB ^iH] {io-2) H2 = \ cfO ne'j H[H{; e^^ ^ I ^ 
^Also using (ia-i)e-'^ = e^' (icri); A s A" T"; {ia-iY = -{ia-i); {iaif = -I2 
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dependence is included with arbitrary coefficients, then for what follows there 
is no loss of generality in ignoring the supersymmetry breaking effects associ- 
ated to Og^ . H. In other words, this discussion shows that Og^,„j4 are not relevant 
for the analysis of the Higgs potential performed below. Finally, there can be an 
additional operator of J = 6 from the gauge sector, O15 = (1/M^) f d^6 W"nWa 
which could affect the Higgs potentiao Using the equations of motion for the 
gauge field it can be shown that O15 gives a renormalisation of Oi 2,3, so its effects 
are ultimately included, since the coefficients Zi 2,3 are arbitrary 

In conclusion, the list of J = 6 operators that remain for our study of the 
Higgs sector beyond MSSM is that of (|5.5|) . Let us stress that not all these oper- 
ators are necessarily present or generated in a detailed model. Symmetries and 
details of the "new physics" beyond the MSSM that generated them, may forbid 
or favour the presence of some of them. Therefore, we regard these remaining 
operators as independent of each other, although in specific models correlations 
may exist among their coefficients Z,. It is important to keep all these operators 
in the analysis, for the purpose of identifying which of them has the largest 
individual contribution to the Higgs mass, one of the main interests of this anal- 
ysis. Finally, some of the d = 6 operators can in principle be present even in 
the absence of the d = 5 operators, if these classes of operators are generated 
by integrating different "new physics". In specific UV completions, one simply 
keeps the terms generated by the model and sets all the rest to zero. 



*Its complete gauge invariant form is J ct^O Tr e^We ^ D^{e^Wae 
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5.2 The Scalar Potential 



Following the previous discussion, the overall Lagrangian of the model is 

8 



with the MSSM Higgs Lagrangian Xo of eq. (|5.1|) , Xi of eq. {5.1) and Oix....,^ of 
eq. (I531) . 

In order to calculate the scalar potential we need the bosonic expansion of 
the Lagrangian. For the dimension-six operators we have: 

Ox = d'eZi{S,S^){Hle'''Hrf 

= 2aw [(h\h,) [ (D,hi)^ i&hi) + hl^h,+ F\F, ] + | h\F,\^ + {h\!iyh,){h\%h,)\ 
+ [2aii mo(/z|/zi)(Fj/zi) + /j.c.j + ai2mQ(/z|/zi)^ + fermionic part (5-11) 

= ^ J d'eZ2{S,S'^){Hle'''-H2f 

= 2^20 [(hlh2) [ {DM (^^2) + hi ^h2 + FIF2 ] + \hlF2\^ + {h\irh2)ih\^,h2)\ 
+ [2 a2\ mo {h\h2){Flh2) + /i.c.j + a22 {hlh2)^ + fermionic part (5.12) 

O3 = ^ J d'e Z,(S,S ^) (//J e^' Hi) (Hi e"' H2), 

= «3o [(hlh,) [{D^ (lTh2) + hl^h2 + FIF2] + ih\Fi)iFlh2) + (1^2)) 

+ ^30 [(h\D^h,)(hl^h2) + h.c] + [a,, mo [(h\h,)(Flh2) + (h^XFlhi)] + h.c] 

+ a32 ml {h\hy){hlh2) + fermionic part (5.13) 

^4 = ^ J d'eZ,{S,S'^){H2.H,){H2.H{)\ 

= Q'40 d^{h2.hi)&'{h2.h\)^ + [^a4i mo (/j2-^i) {h2.F1 + F2.h])^ + /z.c.j 

+ Q'42 mQ {h2.hi) (/z2./zi)^ + a4o |/?2 • + F2 • /jiP + fermionic part (5.14) 



68 



Os = d'e ZsiS, S ^) (Hi e^' HO H2. Hi + h.c. 

= asol[(V,h)^ (m,) + h\^h,+ FjFi](/i2./ii) + (h%h,) &'(h2.h,)} 

+ [aso {F\hr) + a^, mo (/ij h,)] {h^.F^ + F^.hr) + mo [0^51 {F\hi) + a^, (/iJFi)] (/i2./ii) 

+ ih\hi) (/12./11) + h.c. of all + fermionic part (5.15) 



= ^fd^^ ^6(S, S (Hi H2) H2.H1+ h.c. 



= cteol[(D^h2y {^2) + hl^h2 + FlF2](h2.h,) + (h%h2) &'(h2.h)] 

+ [aeo (Flh2) + mo (hi h2)\ (h2.F1 + F2.hi) + mo [a^i (F^/ii) + o^ei (^2^2)] (hiM) 

+ a^2 ^0 (hlh2) (h2.hi) + h.c. of all + fermionic part (5.16) 



d^e Zn(S, 0) Tr W W„ (H2 Hi) + h.c. 



O, = 



= i(D2+D2)[Qr7o(/j2./Ji) + or;o(/j2.^i)^]+ fermionic part (5.17) 

^ Jd'e[Zs(S,S'^) [(H2H,f + h.c.]] 
= 2 all mo (h2.hi) (h2.F1 + F2.h\) + mg orga (^2 • hif + /j.c. + fermionic parl(5.18) 



The notation is as follows: IThi = (d^ + //2 h]^ = (D^hi^. Further, 

Di = D^f+(-l/2) Dy and D2 = ^y,f + (l/2) Dy, T" = o^/2. Finally, one rescales 
in all Ot (i ^ 7): V^^2g2 Vy^2gi Vy. Then Vi,2 = 2g2%f + 2gi (+1/2) Vy 
with the upper sign (minus) for Vi, where Vi,2 enter the definition of (9i,2. Other 
notations used above: Hi ■ H2 = e'^ H\ h{. Also \hi ■ h2?- = e'^ /j^p = |/i2|2 - 
\hl h2\^\ e'^ = 6""; e'j e''' = 6''' 6^' - 6'' e^^ = 1, with 

K 



hi = 



h-j 



, - -I; 



ho = 



h^ h^ 



h^ 



, Yh, = +1 (5.19) 



With these results we find the following contributions to the scalar potential: 



dhidh* 



dhidh* 



(5.20) 
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where is the contribution of (9(1 /M^) to the Kahler potential due to Oi^,„g. 
Also, 



= -{eP^hllix + l^y.ihM+Pii^+hW^i] (5.21) 

where Pij are functions oihx 2- 

pu = -(2aiojU + a4oA/ + a;jmo)|/zi|^-(a30jU + Q'4o/^ + Q'6i'^o)l^2p 
-(^41 mo + alon) (hj.hiT + [ (aeo + 2 a5o)jU + 2al^ Mq] (/zi./ii) 

Pi2 = (2Q'*imo + Q;;o/^)l^il^ + (a^3i'^o + «5o/^)l^2p 

-[(2aio + «3o)j" + mo] (/zi./zi) + mo (hj.hi)* (5.22) 

P21 = -(2a'2oyU + a4o// + «6i"^o)l^2p-(a'3oyU + ff4o// + «5imo)|/iiP 
-(cif4i mo + alo/u) ih2.hiT + [(^50 + 2Q;6o)yU + 20^81 mo] (/ii./ii) 

-[(2ar2o + «3o))U + ali m] (hiM) + ffgi mo (h2.hi)* (5.23) 



The first two terms in the rhs of (|5.20|) give (/i,- denote S U(2)l doublets, = 
hjht): 



= \iu + 2^,ohuh2\HM^ + \h2\') 



+ 



[a/* (|/2iI'p2i + M^Pn + (hiM)^ (P22 +P12)) + h.c] (5.24) 



The nontrivial field dependent Kahler metric gives for the last term in Vp of 
eq. (ICTIl : 
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Vf,2 = |yUp[2(aio + a20 + Q'4o)|/ziP|/i2p + (ff30 + «4o)(|/?il'* + |/?2l'*) 

+ 2 (q;io + Qr2o + aao) \hi.h2\^ + (l^il^ + 2 |/i2p)(a50 ^2./ii + /z-c.) 
+ (2|/ii|2 + |/i2l')(a60 /^2./ii + h.c.)] (5.25) 
so that = Vf,\ + Vf,2- Furthermore, from the gauge part we have: 

Dl = -g2[h\r'h,(l+Pi) + hlT"h2(l+P2)], r = cr72 

Dy = -gi[h\^hi(l+p,) + hlh2{l+P2)] (5.26) 

with notation: 

Pi(/zi,2) = 2aio \hif + aso \h2f + [(^50 - ajo) h2.hi + h.c] 

Piihia) = 2^20 1^2!^ + ^30 \hi\^ + [(aeo - ^70) ^2-/Ji + h.c] (5.27) 

This gives 

DiDi = ^[((i+p,)\h,\^-a+p^)\h2\^f + 4{\+p,)a+p2)\h\h2h 

D\ = ^((l+pi)|/zip-(l+p2)|/z2p)' (5.28) 
So the gauge part of the scalar potential is written as: 

Vgauge = ^(Dl + D\) [1 + (ff7() h2.hx + h.C.)] 

= {\h,? - \h2?) [(1 + /l(/ll,2)) \hl? - (1 + /2(/ll,2)) \h2?] 

+ ^(l+/3(/ji^2))|/^!/^2l' (5.29) 



obtained with (|5.26|) and where /i_2,3 are functions of /?i_2: 
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= 4 Qfio \hi\^ + [ (2Qf5o - ajo) h2.hi + h.c.)] 
= 4 a2o |/?2p + [ (2a6o - ajo) hi-h + h.c.)] 
= pi +P2 + (ajo h2.hi + h.c.) 



(5.30) 



The scalar potential also has corrections Vssb from supersymmetry breaking, 
due to spurion dependence in higher dimensional operators. In addition we 
also have the usual soft breaking term from the MSSM. As a result 

Vssb = -ml [a,2 Ihf + ^22 M"" + + a,2 \h2.h,? (5.31) 

+ (^52 \hi? (h2.hi) + h.c.) + (a(,2 (h2.hi) + h.c.)] 
-[mlas2(hi.h2)^ + ^ntno(h2.hi)^ + ijBmo(hi.h2)+h.c.] +ml(ci\hif' +C2|/i2p) 

Finally, in (9i,...8 there are non standard kinetic terms that can contribute to V 
when the scalar singlet components (denoted h^) of hi acquire a vev. The relevant 
terms are: 

£h 3 (Sir + Sir) h^i d^h^;, i, j=l,2. (5.32) 
where the field dependent metric is: 

giP = 4 aio + (o^30 + a4o) l^2l^ - 2 (0^50 ^? h'^2 + ^.c.) 

gw = (a^30 + «^4o) hi* hi - a^Q h^*^ - h^^, g2i* = ^^2* 

g22* = 4 0^20 \hl\^ + (orso + 0^40) - 2 (aeo h\ h\ + h.c.) (5.33) 

For simplicity we only included the SU(2) higgs singlets contribution, that we 
actually need in the following, but the discussion can be extended to the general 
case. The metric is expanded about a background value (/j9) = v,/ ^/2, then 
field redefinitions are performed to obtain canonical kinetic terms. They are: 
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hi 



h'2 



Sif — Sif 



(5.34) 



These bring further corrections to the scalar potential. 



Since the metric has corrections which are 0(1/ M^), after (|5.34[) only the 
MSSM soft breaking terms and the MSSM quartic terms are affected. The other 
terms in the scalar potential, already suppressed by one or more powers of the 
scale M are affected only beyond the approximation (9(1 /M^) considered here. 
Following (|5.34|) the correction terms (9(1 /M^) induced by the MSSM quartic 
terms and by soft breaking terms in Vssb are: 

Vu. = mi(-rn)\h',\' + ml(-r22)\h'l\'-\iml+ml)(g^^^ 

+ UBmofi({gu' + ~g22') h\ hi + -gn- + ~g2i' hf) + h.c] 



- y ( I I' - I I') (^11- 1 I' - ~S22' \hl? + h.c.) 



(5.35) 



Using equations (|5.20|) , (|5.29|) , (|5.31|) and (|5.35|) , we find the full scalar potential. 
With notation = c,mQ + |yup, / = 1,2 one finally has: 

V = VF,i + VFa + VG + VssB + Vt, (5.36) 



= Vk.t. + fn^\hi\ +m2l^2l - [jd B niohi ■ h2 + h.c] 

+ y 1/^1 r + y \h2 f + A3 \h, p \h2 \^ +A,\hi- h2 |' 

+ ( y (^1 • hif + Ae\h, |2 (h, ■ h2) + Aj\h2 1' {h, ■ h2) + h.c) 

+ J Qhif - M'XMhia) \hif - f2(h,2) M') + 4 \U^\h,.h2\' (|/iil' + M') 



si 



tl, |2 



+ YMhia)\Kh2\ 



where g^ = g] + gl, and f 12,3(^1,2) are all quadratic in /?,-, see eq. (|5.30|) . Except Vu., 
all other fields are in the SU(2) doublets notation. Aj are given by 
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MI2 = 


/l?/2 - lyup (aso + a4o) - an - Im^ Re[Q'5i //] 


(5.37) 


A2/2 = 


/I2/2 - ljup (aso + a4o) - 0:22 - 2mo Re[Q'6i )"] 




h = 


/I3 - 2 lyup (orio + ttio + ff4o) - '^32 - 2mo Re[(a5i + ^ei)/^] 




A, = 


/I4 - 2 (aio + Q'20 + «3o) - - 2 mo Re[(Q'5i + oreOyu] 




A5/2 = 


- moyu (Qf5i + o-ei) - niQ - ^82 




h = 


|yUp(Qf5o + 2q;6o) + ^0 0^52 + moyu(2Q'ii + a-^ + ff4i) + Im^n* a\y 


+ 2^10/1* 


h = 


|yup(a60 + 2Qr5o) + "^o ^^62 + niQ fj. (2 a 21 + a^i + a4i) + 2mof/ al^ 


+ 2^ioiu* 


where 







4/^ = l(8l + 8l% Ay2 = ^(gl + gj), i0 = i(^2_^2)^ Al = -'^gi (5.38) 



denote the pure MSSM contribution. One can include MSSM loop corrections 
by replacing with radiatively corrected values |[92|. 



Equations (|5.36|) and (|5.37[) show the effects of various higher dimensional 
operators on the scalar potential. As a reminder, note that all a it ~ (9(1 /M^) 
while ^lu^io ~ 0(1 /M). In principle, the dimension-five pieces are the domi- 
nant. However, as we will see later, when tan /3 is large the effect on a physical 
observable of dimension-five and six terms can be of similar size. In specific 
models correlations exist among these coefficients. The above remarks apply to 
the case when the d = 5 and d = 6 operators considered are generated by the 
same "new physics" beyond the MSSM (i.e. are suppressed by the same scale). 
However, as mentioned earlier, this may not always be the case; in various mod- 
els contributions from some d = 6 operators can be independent of those from 
d = 5 operators (and present even in the absence of the latter), if generated by 
different "new physics". A case by case study is then needed for a thorough 
analysis of all possible scenarios beyond the MSSM higgs sector. 
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The overall sign of the terms depends on the relative size of ajo, j = 
1,2,5,6,7, and cannot be fixed even locally, in the absence of the exact values 
of these coefficients. Zfio also contributes to the overall sign, however this alone 
cannot fix it. At large fields' values higher and higher dimensional operators 
become relevant and contribute to it. We therefore do not impose that V be 
bounded from below at large fields. For a discussion of stability with d = 5 
operators only see Il95ll . 



Eq. (15361) is the main result of this section. For simplicity, one can take gw 



and g2i* to be real, possible if for example aso and ago are real and there is no vev 
for Jmhi. BniQ/j. can also be taken to be real. In the next section we shall adopt 
these simplifications. 



5.3 Corrections to the MSSM Higgs Masses 

Having obtained the general expression for the scalar potential, we proceed 
with the computation of the mass spectrum. The general expression for the 
mass of the CP-even Higgs fields h, H is: 



2 1 d^V 
m ~ 



^ J 



(5.39) 

</i,>=v,/V2,<Im/!,>=0 



In the leading order 0(1 /M) one has (upper signs for m^): 
'^h,H = + ^ + +v [(2^10^1) qi + (-2mo^ii) q2\+ Sm^H{5A0) 



with 
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x[ - (1 - + m"*) u yfw + {m\u{\ - I4u^ + u^) - B mo/u(l + + lOu^ + w"^))] 
2u 



= +- ^——\-Bmoiuil + u^)-mlu\ (5.41) 



where 

w = mt + [ -Bmou(l + u^f + 2m2M(l - 6m^ + m^)] ^7^^"^? , m = tan^S (5.42) 
In eq. dCTb 

5m^^ = 0(l/M2) (5.43) 

and we also used that mz = gvjl. One also shows that the Goldstone mode has 
rriQ = Q and the pseudoscalar A has a mass: 

ml = ^-^Bmoiu- ^^^^loyuv^ + 2mo + 5m^, =(9(1/M2) (5.44) 

H u 

These results agree with the independent calculation up to order (9(1 /M) of the 
previous chapters. 

Ignoring for the moment the corrections 0(1 /M^), one eliminates Bmo/u be- 
tween (I5.40D and (I5.44D to obtain: 



m 



"^A + ^z'\ _|_ (-2 ^11 mo) _ (m^ - m|) cos^2/3i 
+ 6'mlfj=0{\IM^) (5.45) 



+ (2^,o;z)v^ sin2^[l ± tfl + ^-"^"""^^ [1 ^ "^1 



where the upper (lower) signs correspond to h (H) respectively and 

w = (ml + m\f -Am\m\ cos^ 2/3 (5.46) 
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This is important if one considers as an input; it is also needed if one consid- 
ers the limit of large tan/3 at fixed (see later). 



The 0{l/M ) corrections Sm^^, 6m^ and d'mf^^ of equations (|5.40|) , (|5.44|) and 



(|5.45|) in the general case of including all operators and their associated super- 



symmetry breaking, have a rather complicated form. For most purposes, an 
expansion in 1/ tan^S is accurate enough. The reason for this is that it is only at 
large tan/3 that d = 6 operators bring corrections comparable to those of J = 5. 
The relative tan/3 enhancement of (9(1 /M^) operators compensates for the extra 
suppression factor 1/M that these operators have relative to 0(1 /M) operators 
(which involve both hi and h2 and thus are not enhanced in this limit). 

If we neglect supersymmetry breaking effects oi d = 6 operators (i.e. oji = 
aj2 = 0, Qfyo 0, 7 = 1, 8) and with d = 5 operators contribution, one haCi for 
the correction 6ml ^ in eq. (|5.40|) (upper signs correspond to 6ml) 

7 

The expressions of the coefficients y- are provided in Appendix |A] and can be 
used for numerical studies. While these expressions are exact, they are compli- 
cated and not very transparent. It is then instructive to analyse an approxima- 
tion of the 0( 1 /M^) correction as an expansion in 1 / tan /3. We present in this limit 
the correction 6ml h ^4- <|5-40|) , which also includes all supersymmetry break- 



ing effects associated with all d = 5,6 operators, (i.e. a^i 0,aj2 0, 0, 
7=1, ..8) in addition to the MSSM soft terms. This has a simple expression: 

6ml = -2 [a22inl + 2a6i mofi + (aao -i- Q'4o) A*^ - ^20 "^1] 



^In the case of including the supersymmetry breaking effects from effective operators, asso- 
ciated with coefficients aji, aj2 j - 1,2, ..8, the exact formula is very long and is not included 
here. 
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+ ^^^[4 Q^62 ml + Aji mo {la^i + Q'31 + a^i + 2a8i) + (2q:5o + aeo) 

- ml (2a6o - 3a7o) - (2^ioyu)'l + 0(1/ tan^^S) (5.48) 



which is obtained with 5moyU kept fixed. The resuh is dominated by the first 
line, including both SUSY and non-SUSY terms from the effective operators. 
This correction can be comparable to linear terms in from d = 5 operators 

for (2 ^loyu) « 1 / tarijS (see later). Not all (9i,2...8 are necessarily present, so in some 
models some a,;, ^10, could vanish. Also: 

2 1 22^^ tan/?r 2 

5m = --(Bmofi) v a^o tan /? + — - — [ - SBmoju - Aa(,2mQ 

- An mo{2a2i + 0^31 + Q'4i + ^a^i) - Aj/ {la^Q + ago) + (2^60 - ctio) ^l] 



3 2 r 2 

+ - Bmo/u V (ofso + aeo) + 3- — -\ - SBmofxaw + (12a52 - I6ae2)m^ 
A 8 tan/3 L 



- Ajxmoi-6au + 8^21 + Q'31 + a^i + ^a^i) - Aju^iSaso - 2a6o) 

+ (6^50 + 20aeo - IBayo) m| + (2 ^io//)'l + 0(1/ tan^^S) (5.49) 



which is obtained for (Bmofi) fixed. Note the (9(1 /M^) effects from d = 5 operators 

Similar expressions exist for the neutral pseudoscalar A. The results are sim- 
pler in this case and we present the exact expression of 6m^ of (|5.44|) in the most 



general case, that includes all supersymmetry breaking effects from the opera- 
tors of J = 5, 6 and from the MSSM. One finds 



5ml = o. 7/,/i — — T-T-f - 25m();ua5o + [ - (4o'3i +4q'4i -I- 8ci;8i + 8aii)moyU 
8tan'^jS(l + tan^yS)"- 

- Aas2ml - SBmopiam - A (aso + 2aa))M^ + (2o'5o - Q'70) w| ] tan/3 

-I- [25mo//(10Q'5o -I- Soreo) + 16a82'«o + 1 6(0-5 1 + agO^^o/^] tan^yS 

-I- 2 [- 45 mo//(aio + a2o + 2 Q'30 + 2 0:40)- 6(q'5o + aeo)//^ - (cso + ^60 - «7o) ml 
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- 2{a62 + Q'52) ml - 4(aii + Q'21 + ^31 + «4i + 2asi)mofj.] tan^ /3 

+ [IBniofi (Borso + 10 ago) + l^a^itr^ + 16(a5i + aei) woA'] tan'^yS 

- [85 niQH a2o + 4 {laso + ceo) A'^ - (2^60 - Q'70) "^1 + 4^62 ml 

+ 4 (laai + oral + + 2a8i)mo/i] tan^jS - 2 5moyUcir6o tan'^jSj (5.50) 

We also showed that Smc = so the Goldstone mode remains massless in 
(9(1 /M^), which is a good consistency check. A result similar to that in eq. (|5.48|) 
is found from an expansion of (|5.50|) in the large tan ^ limit: 

2 1 22 tailjS or 2 

5m = -- (Bniofi) v tan /3 + [ - SBmo/ua2o - 4ae2mQ 

- (8^21 + 4a3i + 4q'4i + 8a8i) ^o// - (8q'5o + 4a6o)/^^ + 2^60 m| - ofyo m|] 

+ ^[5mo//(3a5o + 1 laeo) + ^mla^i + Smofiiasi + a^i)] 
r 

+ — — - SBmo/u (aio + 2a30 + 2q;4o) -4{2au + 0^31 + ^41 + 2q'8i) mo/u 
Stan/3^ 

- 40-52 mo - (4a5o + 8Q'6o)yU^ - (2q'5o + 4q;6o - SajoWz] + 0(1/ tan^ /3) (5.51) 

We emphasise that the large tan^S limits presented so far were done with (B mo/j.) 
fixed. While this is certainly an interesting case, a more natural expression to 
consider at large tan^S is that in which one keeps fixed and Bmofi arbitrary. 
We present below the correction 0(1 /M^) to ml ^ for the case mA is kept fixed to 
an appropriate value. The result is (assuming > m^, otherwise d'mf^ and 6'mjj 
are exchanged): 

r/ 2 o 2r 2 , r , \ 2 , o 2I (2^0/^)^ 

m,^= -2 V [q'22 m„ + (q;3o + Q'40)// + 2a6i moyU - Q'20 m^J 



2 2 



v2 r 1 

+ 



tan;0L(m^ - mV) 



(4m^( (20^21 +Q'31+Q'41+2q'8i) mo )U + (2q'50+Q'6o)jU^ + a(>2ml) 

,^ ^ . 2 1 n ^ ^ 4\ . 8(m^ + m|) (//mo^io^u) 

- (2q;60 - 3a7o) m^ - (2q'6o + ^vo) m^ 1 + —5 5-7 

' {m~^ — m^y 

+ 0{\lian^p) (5.52) 
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A similar formula exists for the correction to mh'- 



S'mjj = [ - 2 (nioju (asi + «6i) + ^82 ml) + 



(2^ioyu)^v^ - 
ml-ml 



1 



+ : — d^~7 j{2ml(2(an-a2\)moiu +(Qf6o-ff5o))"^ +(a52-a62)ml - aeoml) 

tan p^m^-m-^ ^ 

- [4(q;ii + a2i + ^31 + «4i + 2au)mi^ + 6(0:50 + a(,o)i/ + 2(a52 + ^62)^0 

, ^ o X 2n 2 , X 4\ 8(m2 +m|)(^ mo ^10^11) v^ 

- (a5o + 5a6o-2a7o) m^niz- (asQ- aeo) m^) r- 

' (m^ - m'^Y J 

+ ^(l/tan^ye) (5.53) 



Corrections (|5.52|) and (|5.53|) must be added to the rhs of eq. (|5.45|) to obtain 



the value of ^ expressed in function of m^. The corrections in equations (|5.47|) 
to (|5.53|) extend those of the previous chapter to include all 0(1 /M^) terms. 



From equations (|5.48|) and (|5.52|) we are able to identify the effective oper- 
ators of J = 6 that give the leading contributions to m^, which is important 
for model building. These are 02,3,4 in the absence of supersymmetry breaking 
and 6)2,6 when this is broken. It is however preferable to increase ml by super- 
symmetric rather than supersymmetry-breaking effects of the effective opera- 
tors, because the latter are less under control in the effective approach and one 
would favour a supersymmetric solution to the fine-tuning problem associated 
with increasing the MSSM Higgs mass above the LEPII bound. Therefore C?2,3,4 
are the leading operators, with the remark that O2 has a smaller effect, of order 
{mzljJLf relative to 03,4 (for similar ajo, j = 2, 3, 4). At smaller tan^S, 6)5,6 can also 
give significant contributions while Oj has a relative suppression factor {mzlfif- 
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5.4 Analysis of the Leading Corrections and Effective Opera- 



tors 



One expects that when in the Lagrangian appear effective operators of mass 
dimension five and six, coming from the same UV physics, those of dimension 
six will be subleadtng. However, this is not the case when an extra suppression 
makes the two classes comparable. In our case, some dimension five operators 
are suppressed by l/(MtanjS) but dimension six only have Thus, in the 

limit of large tan^S these two classes can be comparable. 

In the particular case of the Higgs mass, by comparing (9(1 /M) terms in 
eq. (|5.45|) against 0(1 /M^) terms in equations (|5.52[) and (|5.53|) , one identifies 



the situation when these two classes of operators give comparable corrections: 



ml - ml tanfi 



z 

2 



2(^io//)'v2 



ml -ml 



4ml ^10)" 



ml - m| tan yS 



(mofi (asi + aei) + a^i m^) — j- 



ml-m-^ 



(5.54) 



In this case (9(1 /(M tanyS)) and (9(1 /M^) corrections are approximately equal (for 
M » mo tan/3). Similar relations can be obtained by comparing (|5.40[) and (|5.44|) 
against 6ml ^ of BM^ . and (l530ll . 



Note that we don't have to consider operators of dimension > 6 since they 
do not receive any tan /3 enhancement in order to become comparable with d = 6 
and will always be subleadtng. 

Let us now examine more closely the corrections to the Higgs masses due to 
d = 6 operators. The interest is to maximise the correction to the MSSM classi- 
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cal value of m/,. From equations (|5.48|) and (|5.52[) and ignoring SUSY breaking 
corrections {ajk, k 4^ 0), we saw that at large tan /? 6)3 4 bring the largest correc- 
tion and also O2 to a lower extent. At smaller tan/3, O^ ^,^ can have significant 
corrections. All this can be seen from the relative variation: 



^rel = - yOrel " i, 

niz 



(5.55) 



with 



4ml 1 v2 (2^wM (-2 ^„ mo) 2 (m^ + 

Orel =1 T — + — < : r + 



m^-m|tan2jS m| I tan^S - m| tan^/3 {m\-mj,y 

(2^ioju)2v2- 



- [2 (q'22 mo + (aso + a4o) //^ + 2 agi mo yu - ^20 m|) + 



ml -ml 



-] 



+ -— — Tf4m^;u ((2ci;2i +0:31 +^41 + 2a8i) mo + (2 0:50 + ff6o)ju) 



2 2 

2 2 2 2 4 2^A~^^Z^\ 

+ 4 ^62 mo m^ - (2^60 - 3 Cvo) m^ m^ - (2 ago + ^70) m^ + 8 ^10 ^1 1 mo v — j 

m^—m^^) 

+ 0(1/ tan V) +<9(m/(M tan^yS)) + 0{m^/iM^ tan^yS)) (5.56) 



where m is some generic mass scale of the theory such as jx, mz, mo or v. The 
arguments of the functions O in the last line show explicitly the origin of these 
corrections (MSSM, d = 5 and d = 6 operators, respectively). Eq. (|5.55|) gives the 
overall relative change of the classical value of m/, in the presence of all possible 
higher dimensional operators oi d = 5 and d = 6 beyond the MSSM Higgs 
sector, for large tan /3 with mA fixed. Depending on the signs of coefficients ajt, ^10 
and ^11 this relative variation can be positive and increase m/, above the MSSM 
classical upper bound m^. The accuracy of the expansion at intermediate tan^S 



depends on m/M; in any case one can use the exact 5ml ^ in (|5.47|) 



The same expansion in large tan /3 can also be computed keeping Bmofi fixed, 
instead of m^. Then 
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I tan/3 ^ Bmo/j. ' 



1 r(2^ioju)2v2 



- 2 [cK22 mo + 2 ^61 moyU + (ff3o + Q'4o);"^ - ^20 ml] + : — — ^„ 

L J tanks'- -5 mo// 

+ 4(2a2i+«3i+«4i+2a8i)"^o/^ + 4(2a5o+Qf6o)A'^+4Q'62'«o " (2 aeo-Sayo) "^|] 
+ (9(1/ tan V) + 0{ml{M tan^ jS)) + 0(,m^/{M^ tan^)) (5.57) 



In (|5.55|) and (|5.57|) , the d = 6 operators (ajj dependence) give contributions 
which are dominated by tan jS-independent terms. One particular limit to con- 
sider for 6ml ^''^l ^^^^ ^ which the effective operators of J = 6 have coef- 
ficients such that these contributions add up to maximise 6,-^. Since coefficients 
atj are not known, we can choose them equal in absolute value 

- Q!22 = -ffei = -ff30 = -^40 = 0^20 > (5.58) 

In this case, at large tan /3: 

6ml « 2 v^a2o["^o + 2 mo// + 2f/ + m|] (5.59) 



and similar for 5'm^. A simple numerical example is illustrative. For mo = 1 TeV, 
// = 350 GeV and v « 246 GeV, one has 6ml « 2.36 Qr2() x 10" (GeV)^. Assuming 
a2o ~ 1 /M^ for M = 10 TeV and the classical MSSM value of m/, to be equal to mz 
(reached for large tan /3), we obtain an increase of m/, from d = 6 operators alone 
of about Am/, = 12.15 GeV to m/, a: 103 GeV. An increase of Q'20 by a factor of 2.5 
to a2o ~ 2.5 /M^ would give Am/, « 28 GeV and m/, ^ 119.2 GeV, which is above 
the LEPII bound. 

The discussion above indicates that if we persist on using the loop correction 
to increase the Higgs mass, the effect of these operators will be to relax the strain 
of the little hierarchy. Indeed, the relative increase of A m/, due tod = 6 operators 
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alone is mildly reduced, however, the effective quartic coupling of the Higgs is 
increased. This amounts to a reduction of the fine tuning for the electroweak 
scale dU. The above choice of M = 10 TeV was partly motivated by the fine- 
tuning results of ||88l and on convergence grounds: The expansion parameter of 
our effective analysis is lUg/M where is any scale of the theory, in particular 
it can be the susy breaking scale mo. For mo ^ 3 TeV and ci^ - 2.5 (of eq. (|5.1|) ), 
one finds for M = 10 TeV that ci_2 nio/M ^ 0.75 which is already at the limit of 
validity of the expansion in the effective approach considered. 

These simple estimates demostrate that mass dimension six operators can 
indeed bring a significant increase of m/, to values compatible with the LEPII 
bound. However, the amount of increase depends on implicit assumptions like 
the type and number of operators present and whether their overall sign, as gen- 
erated by the UV physics, is consistent with an increase of m/,. Take for example 
the case of the leading contribution to m/, in the large tan/3 case. One would 
prefer to generate the leading operators with supersymmetric coefficients satis- 
fying 

> 0, 0^30 < 0, 0^40 < (5.60) 

in order to increase m/,. We have already mentioned that Oi 2,3 can be generated 
by integrating out a massive gauge boson U(iy or SU(2) triplets while O4 by 
a massive gauge singlet or SU(2) triplets. Let us discuss the signs that these 
operators are generated with: 

(a): Integrating out a massive vector superfield U(iy under which Higgs fields 
have opposite charges (to avoid a Fayet-Iliopoulos term), one finds a2o < and 
ttso > (also Cio < 0), which is opposite to condition (|5.60|) . However, this can 



change if for example there are additional pairs of massive Higgs doublets also 
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charged under the new U{iy since then O3 could be generated with a^o < 0. 
(b): Integrating out massive S U (2) triplets that couple to the MSSM Higgs sec- 
tor would bring 0:20 > 0, Q'40 < 0, a^o > 0; the first two of these satisfy (|5.60|) . (c): 
Integrating out a massive gauge singlet would bring Q'40 > which would actu- 
ally decrease m/,. Finally, if we take into account further constraints coming form 
the p parameter |[82||, it turns out that it is 0-40 and ajo that can have the largest 
correction to m^. For generating them, the case of a massive gauge singlet or ad- 
ditional U(l)' vector superfield would have the advantage of preserving gauge 
couplings unification at one-loop. 

For smaller tan J3, operators O^ ^j could bring significant corrections to m/, but 
it is more difficult to generate these in a renormalisable setup. For example, 
Osfi can be generated by integrating out a pair of massive Higgs doublets and a 
massive gauge singlet but the overall sign of a^ofio would depend on the details 
of the model. This discussion shows that while effective operators can in prin- 
ciple increase rrif,, deriving a renormalisable model that would generate them 
with appropriate signs for their (supersymmetric) coefficients is not a simple is- 
sue. However this does not exclude the possibility, since the examples given are 
rather simplistic. Other generating mechanisms for (9, could be in placci with 
appropriate signs to increase m/,. 



^For some models with extended MSSM Higgs sector see l97ll98ll99l[T00l . 
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Chapter 6 

Nonlinear MSSM 



In the previous chapters we used EFT to study in a model independent way 
the effects of new physics beyond MSSM in the multiTeV scale. Nevertheless, 
MSSM itself contains new physics at scale ^[f, the SUSY breaking scale. If we 
take this scale to be around multiTeV, new effects appear by the presence of a 
goldstino, which is the dominant component of the gravitino. Goldstino cou- 
plings are best described in terms of nonlinear supersymmetry, as briefly pre- 
sented in section 12.31 One way to realize symmetries in a nonlinear fashion is 
by using appropriate constraints. In supersymmetry, these are constraints on 
superfields. In the following we apply the method of constrained superfields in 
order to construct the most general couplings of a goldstino to full MSSM. 



6.1 The Model 



We couple the constrained superfield X,,/ of eq. (|2.44|) to the SUSY part of the 
MSSM, to find the "nonlinear" supersymmetry version of MSSM. At energy 
scales below mvoyv, similar constraints can be applied to the MSSM superfields 
themselves, corresponding to integrating out the superpartners. Here, the only 
difference from ordinary MSSM is in the supersymmetry breaking sector. Su- 
persymmetry is broken spontaneously via a vacuum expectation value (v.e.v.) 
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of Fx, fixed by its equation of motion. The Lagrangian of nonlinear MSSM is: 

£ = £o + £x + £H + £m + £AB + £g (6.1) 
Let us detail these terms. Xo is the usual MSSM SUSY Lagrangian 

Xo = ^ f d^e e^^^ + ( f d^e[iuHiH2 + H2QU' + QD' Hy+LE'Hy]+h.c\ 
+ Yj [d^d^r[W"W,]+h.c., (^■.Q,D^,W,E\L, (6.2) 

SM groups S J 

where /c is a constant canceling the trace factor and the gauge coupling g is 
shown explicitly. The family matrices in the superpotential are implicit to 
lighten the notation. 

The SUSY breaking couplings originate from the MSSM fields couplings to 
the goldstino superfield; this is done by the replacement S —> m^of,Xnil f II62L 
where S is the usual spurion also used in the previous chapters, with S = 66 nisoft 
and mio/f a generic notation for the soft terms (denoted below mi^2, "^o)- One has 
for the Higgs sector 



£h = Yj'^' [ d'6 Xlx„i H] e""- Hi 

!=1,2 ^ 



Y Ci |l0xP [l^)^ hi\^ + FlFn, +h]^ hi + (^<A/,,^ ^^lAft, - ^ h]Ai ifjH. + h.c)] 
+ ^h] (D, + h,) hi &^\iPx\^ + Jxl^,^^ il^xiph, - \ [0x - Vh]{!D^ - h,) hi] 

+ [ - cr^ - h,)hi - ^^x h]Ai hi - <p\iPx F^u, + (P\Fx fI^ 

+ '-(^x^ -Ax) ih] hi) + (f>x) (^;,, ^ (A/,) + ^ (df. - K) (hjil^k,) 

- ^x Fx hi + h.c] + [5^4^0x + FlFx + (^'^x ^d^^x + h.c.)]\ hi\^}, (6.3) 



Here D, d, (D, d ) act only on the first field to their right (left) respectively and 
hi, if/jy, Fjy denote SU(2) doublets. Also 

c,=-m]lf\ c2 = -ml/f. (6.4) 
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Similar terms exist for all matter fields 

Xm = ^i- r Ki^ni O, Co, = O : 2, f/^ L, £^ (6.5) 

One can eventually set m^) = mo (all O). Thebi- and trilinear SUSY breaking 
couplings are 

Xab = y J (feXn,H,H2 (6.6) 

+ J J d^eXniH2QU' + j j SeXniQD'H, + j J d'eXniLE'H.+h.c. 
B' 

= Y[(px[hi- Fi,, + Fi,^ ■ h2 - ij/hi • lAfc] - /zi • (tAxiA/12) - i^x^hi) ■h2 + Fxhi- h2] 

+ {y-[0X^2 ■ {(pQFu-tpQ>J/U +Fq(Pu) - 0z(<A/!2 ■ 'PQ^V + 1A/12 • ^Q'Pu - ■ <pQ(pu) 

- ipx {hi •4>Q^u + h2- lAe 4>u + iA/i2 • 0e (Pu) + Fxh2- (pQ (pu\ - \U D,H2 ^ 

- [U ^ E,H2^ HuQ^ L^+h.c. (6.7) 

where B' = B mo/i. Finally, the supersymmetry breaking couplings in the gauge 
sector are 



A = XttV^ r d^0Xn,Tr[W"W,h + h.c. 

16gfK f J 



3 



!=1 



2/ 



- ^^2^Px (T^'A" F;, - V2 (Ax + Fx A" A"). + h.c. (6.8) 



with m^,2 3 the masses of the three gauginos and gauge group index i for U(l), 
SU(2), SU(3) respectively. Above we introduced the notation A^/l = d^A - 
gfbcybj_ Equations (ED to (Q, along with (IZ45l) , define the model, with 



spontaneous supersymmetry breaking ensured by non-zero {Fx). 

Since ~ 1 /// the Lagrangian contains terms of order higher than 1 //^. In 
the calculation of the onshell Lagrangian we shall restrict the calculations to up 
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to and including 1 //^ terms. This requires solving for of matter fields up to 
and including 1 //^ terms and for Fx up to and including 1 1 p terms (due to its 
leading contribution which is -/). Doing so, in the final Lagrangian no kinetic 
mixing is present at this order. Using the expressions of the auxiliary fields, one 
then computes the F-part of the scalar potential of the Higgs sector, to find: 

V. = + \h,f\ * l^."'!'^^''" + 0(1//) (6.9) 

with h\-h2 = h\ h'^ - h~ and 1/?,^ = /zJ/j, = /?°*/?-' + hj *hT. One can work with this 
potential, however, for convenience, if |ci,2l|/Ji,2p «^ 1/ we can approximate Vp 
by expanding the denominator in a series of powers of these coefficients. Our 
analysis below is then valid for |ci,2l|/?i,2p 1- After adding the gauge contri- 
bution, we find the following result for the scalar potential of the Higgs sector: 



V = f + {\M\'^ + ml)\hi\'^ + {\iu\^+ml)\h2\^ + (B'hi-h2 + h.c.) (6.10) 
m? \h,f + m\ \h2? + B'h,-h2' + - M'f + I \h\ h2? + 0(1/ f) 



1 



This is the full Higgs potential. The first term in the last line is a new term, ab- 
sent in MSSM (generated by eliminating Fx of X„i). Its effects for phenomenol- 
ogy will be analyzed later. The ignored higher order terms in 1 // involve non- 



renormalizable /j^ 2 interactions in V. 



6.2 New Couplings in the Lagrangian 



In this section we compute the new interactions induced by Lagrangian (|6.1|) , 
which are not present in the MSSM. Many of the new couplings are actually 
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dimension-four in fields, with a (dimensionless) /-dependent coupling. The 
couplings are important in the case of a low SUSY breaking scale in the hidden 
sector and a light gravitino scenario. Some of the new couplings also involve 
the goldstino field and are relevant for phenomenology. 

As mentioned earlier, from the SUSY breaking part of the Lagrangian only 
terms up to 1 //^ were kept in the total Lagrangian. After eliminating all terms 
proportional to F-auxiliary fields of X, Hj, Q, D", and L, one obtains new 
couplings X"'""' beyond those of the usual on shell, supersymmetric part of 
MSSM, which are unchanged and not shown. One finds the on shell Lagrangian 

Let us detail these terms. Firstly, 

with 

X^Ti) = -[f + im\\hi? + ml\h2\^+ml\cl>^\^)\ 

- \b' hi-h2+ A„ h2.(pQ (pu + (pQ(t>D-hi + <pL<pE-hi + ^ m^. AtAt + /i.e.] (6.13) 

recovering the usual MSSM soft terms and the additional contributions: 

£7(2) = [ Y^[Mw?+m^)/ii • h2-(ml+ml+ml)hi ■ (f)Q(f)D-(ml+ml+ml)hi ■ (/>L(f>E 

- (ml +mQ+ m]j)(l)Q^u ■ h2+(B' h2 - ^qcpo - Ae (pt (pEfij^h2 - (pQ(pD - (pt (ps) 
+ {B' hi - A„ 02 ^ufiji hi - (pQ (pu) + (Ad (pD hi - A„ h2 ^u)\^d hi - h2 (pu) 
+ Ad (\(Pq ■ hi\^ + \(Pe /JiP) + A„ \h2 ■ <Pq^ + A, |0i • hi^\ + h.c\ B'hi-h2 



m^,. 2 



- 7 [fnj il^x^h, hi + ml il/xtph2 hi + rn% i/rj^i/r^ (p^ + h.c] + 0( 1 /f) (6.14) 



+ Auh2- ^Q(pu+Ad(pQ(pD- hi+Ae(pL(pE- hi + ^AiAi+(mi\hi\ +m2\h2\ +m^\(p^\^ 



f 
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A summation is understood over the SM group indices i = 1, 2, 3 in the gaugino 
term and over O = 2, U\D^ ,L,E^ in the mass terms; appropriate contractions 
among S U {2)l doublets are understood for holomorphic products, when the or- 
der displayed is relevant. The leading interactions 0(1/ f) are those in the last 
line and are dimension-four in fields. Similar couplings exist at 0(1 /f^) and 
involve scalar and gaugino fields. Yukawa matrices are restored in (|6.14[) by re- 
placing ^Q(pD (pQjd^D, (pQ(pu (pQju^u, (pL(pE ^ 4>L7e(pE, as already explained. 

There are also new couplings from terms involving the auxiliary components 
of the vector superfields of the SM. Integrating them out one finds: 

— 1 1 1 2 

-i^T = Y ^ <^ "^-^1 'A^'Ax + h.c.) bi + —j^-i nix, ipx /fi + h.c.)] 

-Ir- 1 - 1 12 

+ —\Dl + -— (m^, ij/xil^x + h.c.) + ^^(m^, ij/x 4 + h.c.) 
2 4/^ V2/ ' 

+ Y + 4^ ("^^3 Mx + h.c.) bl + (m,3 ijfx A'l + /i.c.)]'+ 0(r ^X6.15) 
with notation: 

Di = ^1 ( - h% + h\h2 + 1/3 (P\(Pq - A 13 (PIcPu + 2/3 (P^cPn - (PIh + 2 (P\(Pe) 
D2 = -^g2(hy%+hlcr''h2 + ((>l(T"(f>Q + ((>l(r"^L) 

= -^g3i(t>lf(PQ-cf>lfcl>u-4>lt"(f>D) (6.16) 

for the corresponding MSSM expressions; here f /2 are the SU(3) generators. 
From (|6.15|l one can easily read the new, /-dependent couplings in the gauge 
sector, absent in the MSSM. 

The total Lagrangian also contains extra terms, not proportional to the aux- 
iliary fields, and not present in the MSSM. In the matter sector these are: 
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J^T" = ^Id.iMxt + (^^x^ d,ilfx + h.c.) (6.17) 

2 2 



{5' 1 
~J [ 2/ ^x^x^hi4in - hi.iipx^h) - {^x^h)-h2[ 

A V \ 

- ipxiMoM + ^Q<pDM+(pQMhS)HD^E,L^Q)]+h.cYo{ll fie.ld,) 

Note the presence of interactions that are dimension-four in fields {B' /fhiif/xi/fh2> 
etc) that can be relevant for phenomenology at low /. There are also new cou- 
plings in the gauge sector 

3 

j^extra _ ^ T^^X^ • -,a^ a f _ }_ pa pa^v _ ^Jivpcr pa pa \ 

s ~ Zj 2 f I- -2 f ^ 2 4 ^My^po-) 

/=1 

- yl2i^xcr'''rF;,], + h.c.+0{l/f), (6.19) 



with i = 1,2,3 is the gauge group index and cr'^" = i/4{cr'^'d^^ - cr^o^). The new 
couplings of jy^^" together with the on shell part of the purely supersymmet- 
ric part of the MSSM Lagrangian (on shell Xo of (|6.2|| ) gives the final effective 
Lagrangian of the model. From this, the full scalar potential is identified. 



6.3 Implications for the Higgs Masses 



Let us consider the Higgs scalar potential found in (|6.10|) and analyze its im 



plications for the Higgs masses. From the neutral Higgs part of the potential 
one finds the masses of the CP even and CP odd Higgs fields. Since eq. (|6.10|) is 
valid up to 1 /f^ terms, it is sufficient to restrict the expressions up to this order. 
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Firstly, at the minimum of the scalar potential one has: 



where 



= COt2y0 



B' + 



Vvvo)(-5' + m| sin 2/3) 
2//2 + m|cos2 2yS + 5'sin2yS 



sin2yS 



5' + 



/2 (-1 + V>V())(5' + 2//2 sin2yS) 
v2 2yu2 + ml cos2 2;S + 5' sin 2/3 



(6.20) 



Wo = 1 - (4;u^ + 2m| cos^2/3 + 25' sin2y8) 



(6.21) 



One jfinds the following results (upper sign for m^): 



m. 



,H - ^ [ 



-25' 
2 l'"^ sin2;S 



+ 



32/2 



4 5' [ 25' + (4f/ + 2m| cos^ 2/3)/ sin 2/3] 



+ 4 [ 2 5'2 + 8 A*"* + 2 m|(4;|2 + m|) cos^ 2;e + 8 5' // sin 2/3] 



[ - 2 (5'2 + 4/)m| + A/d-m'^z + m| + 8 (2/m| - 5'^ (4;u^ + m|)) cos 4/3 



csc2 2/3 

- m| (6 5'2 + 8^^ + 4fxWz + m^) cos 8;8 - 8 5' (5'^ - 8^^) sin 2/3 

+ 5'(-85'2 + 16//^m| + m^)sin6ye + 5'm^sinl0ye]j+(9(l//^) (6.22) 



with 



wi = (ml + -r^f - 4 ml ( .^^ ) cos^ 2iS 

^ ^ Sin2;e>' ^Vsin9«/ ^ 



^sin2/3>' 



(6.23) 



Further, the mass niA of the pseudoscalar Higgs has a simple form (no expan- 
sion): 



ml = 



-25' (3 1 



sin2jS 



{4^-4 V^o-^5'sin2^} (6.24) 



and, as usual, the Goldstone mode has mass mo = 0. 
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(a) m/j in function of param- 
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(b) m// in function of ^JJ, niA parameter 
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(c) m/j in function of ^ff, fi parameter (d) nif, in function of ^ff, /i parameter 





(e) civ^ in function of ^Jf 



(f) C2V^ in function of ^Jf 



Figure 6.1: The tree-level Higgs masses (in GeV) and expansion coefficients as func- 
tions of V7 (in GeV). In (a), (b) fi = 900 GeV, tanyS - 50, Ma increases upwards from 90 to 

150 GeV in steps of 10 GeV. Larger iha has little impact on m/, for relevant yff. In (c), (d), 
niA = 150 GeV, and nif, increases as /j. varies from 400 to 1200 GeV, in steps of 100 GeV. In 
(c) tan p = 50 while in (d) tan P = 5, showing a milder dependence on tan yS than in MSSM. 
For tan/? > 10 there is little difference from (c). In (e), (f) the expansion coefficients are 
shown, for ma = [90,650] GeV with steps of 10 GeV, // = 900 GeV, tan/3 = 50; they are 
less than unity (even at larger as required for a convergent expansion. 
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It is instructive to consider the limit of large u = tan /3, with B' < fixed, when 

ml = [ml + 0(l/u)] + 2^[(2//' + m^f + ^B' (Ifi^ + m|) + 0(l/u^ + 0(/-^)(6.25) 

—25' B' 1 

'^H= \^^+Oa/u)\ + — Ulf/ + ml)u+AB' + -(2//2-llm|)+ai/"')l+ar') 



which shows that a large /i can increase m/, (decrease m//). However, for phe- 
nomenology it is customary to use m^ as an input instead of B' , in which case 
the masses mh n take the form 

K,H = + + Vvv] + Y^-^[l6m^/ ^Am\ix^m\ + (m\ - %i^)m\ 

- Im\ + 1{-1 ml + S// + Aj/ m| + m\) yfw + mlm^ cos S/S 
+ m\ (ml - 8ju^ -3m|) sin^ 2/3+cos4/3[- 2m| (S/j.'^+Ai/ m| -m^ (6;U^ +m|)) 
+ 2(2 mliu^ + Afx^ml + m^) Vvv - (m^ + 5 m|) sin^ 2/3]] + 0(1/ f) (6.26) 



where the first term (bracket) is just the MSSM contribution. The upper (lower) 
signs correspond to mhimn) and w = {ml + m|)^ - 4m^ m| cos^ 2;0. At large tanyS 
with mA fixed one finddj (with u = tan/3) 

ml = [ml + 0(l/u^)] + ^[(2i,^+ml)^ + 0{\/u^)]+0(l/f) 

ml = [ml + 0(l/u^)] + j^O{l/u^)+0{l/f) (6.27) 

In this limit the increase of m^ is driven by a large and is apparently of SUSY 
origin, but the quartic Higgs couplings giving this effect involved combinations 
of soft masses (see (|6.10|) ). These soft masses combine to give, at the EW mini- 



mum, the //-dependent increase in (|6.27[) . 



^ In i6.27i > niz is assumed, otherwise just exchange with m^. 
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Some simple numerical examples are relevant for the size of the corrections 
to the Higgs masses, relative to their MSSM values. The largest correction to m/, 
for large tanyS is dominated by jx and /. For example, if (yu/ ^jjf' = (1 ll.l'Sf ~ 1 /5, 
V = 246 GeV, with // = 900 GeV then y[f = 2 TeV, giving = 114.4 GeV. 
Another example is with fx = 1.2 TeV, -sff = 2.1 TeV, ((/// -y//)^ « 1/5), giving 
again m/, = 114.4 GeV. Smaller yu ~ 600 GeV can still allow m/, just above the 
LEP bound if ^[f = 1.35 TeV, for similar value for (pi/ sff)^ = 1/5 and for the 
rest of the parameters. This shows that one can have a classical value of near 
or marginally above the LEP bound and larger than the classical MSSM value 
(= mz). The plots in Figure 16.11 illustrate better this change of m/, and mh for 
various values of -y/f. For a low value of a/7 near or above 1 .35 TeV, the LEP 
bound is still satisfied for nif,, while at large -yjf the MSSM case is recovered. 
By varying sjf our results can interpolate between low and high scale (in the 
hidden sector) SUSY breaking. Quantum corrections increase nih further, just as 
in the MSSM. 

Regarding the usual MSSM tree-level flat direction \h'^\ = \h^\ one can show 
that the potential in this direction can have a minimum for the case (not consid- 
ered in MSSM) of m2 + m2 + 2|ju|2 < 2|5'|, equal to V,„ = f -{\IA)f\m\ + m\ + 2\ij\^ + 
2B')^/{m^ + ml + B')^. Compared to the usual MSSM minimum, the former can 
be situated above it only for values of / which do not comply with the original 
assumptions of m\ ^, \B'\ < f. On the other hand, the case with situated below 
the MSSM minimum does not allow one to recover the MSSM ground state in 
the decoupling limit of large /, and in conclusion the "flat" direction is not of 
physical interest here. 
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6.4 Other Phenomenological Implications 



6.4.1 Fine Tuning of the Electroweak Scale 

The increase of nih beyond the MSSM tree level bound and the presence of new 
quartic Higgs couplings have implications in the fine tuning. In MSSM the 
smallness of the effective quartic coupling A (fixed by the gauge sector) is at the 
origin of an increased amount of fine tuning of the electroweak scale for large 
soft masses. For soft masses significantly larger than the electroweak (EW) scale, 
(also needed to increase the MSSM value for m/, above LEP bound via quantum 
corrections), fine tuning increases rapidly and may become a potential problem 
(sometimes referred to as the "little hierarchy" problem). Let us see why in the 
present model this problem is alleviated. One can write = -ni^/A where 

2 2 

A = ^^^^[cos^2/3 + 6sm'^j3] + ^ m]cos^/3 + mlsm^/3 + il/2)B' sm2j3^ 
= (lyup + m]) cos^fi + (|//p + mj) sin^yS + B' sin 2/3 (6.28) 

The first term in A is due to MSSM only, while the second one, which is positive, 
is due to the new quartic Higgs terms in (|6.10|) . Here 6 accounts for the top/ stop 



quantum effects to \h2\'^ term in the potential, which becomes (1+6) (^1+^2^/8 \h2\^; 
usually 6 ~ 0(1) (ignoring couplings other than top Yukawa). This quantum 
effect is only included for a comparison to the new quartic Higgs term. The 
important point to note is that a larger A gives a suppression in the fine tuning 
measure A: 

A = ^^= ' p=A,B',ml,iu\ml. 6.29 

omp omp 

Here p is an MSSM parameter with respect to which fine tuning is evaluated. 
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In the large tan yS limit, the fine tuning of the electroweak scale becomes (see the 
Appendix in ||88B ): 



^ = -^^T^^^T^^wTT (N +«2)' = (6.30) 

v^myf^ + (\+S)my2 dlnp 



For small tan/3 a similar result is obtained in which one replaces m2 by The 
first term in denominator comes from the new correction to the effective quartic 
coupling A. Larger soft masses mi 2 increase A and this can actually reduce fine 
tuning, see the denominator in A. Therefore, in this case heavier superpartners 
do not necessarily bring an increased fine tuning amount (as it usually happens 
in the MSSM). The only limitation here is the size of the ratio rn^^l f ^ 1 for 
convergence of the nonlinear formalism. In the limit this coefficient approaches 
its upper bound (say ~ 1 /3), the two contributions in the denominator have 
comparable size (for 5 ~ 1 and v = 246 GeV) and fine tuning is reduced by a 
factor ^ 2 from that in the absence of the new term in the denominator {i.e. the 
MSSM case). 



6.4.2 Limiting Cases and Loop Corrections 

Some interesting limits of our "nonlinear" MSSM model are worth considering. 
Firstly, in the limit of large / {i.e. large SUSY breaking scale in the hidden sector) 



and with m\ 2, B' fixed, the new quartic term in (|6.10|) vanishes, while the usual 
explicit soft SUSY breaking terms specific to the Higgs sector remain. This is 
just the MSSM case. All other couplings suppressed by inverse powers of / 
are negligible in this limit. Another limiting case is that of very small /. For 
our analysis to be valid, one needs to satisfy the condition B' , < f. When 
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/ reaches this minimal bound, the new quartic couplings in (|6.10|) , not present 
in the MSSM, increase and eventually become closer to unity. The analysis is 
then less reliable and additional effective contributions in the Lagrangian, sup- 
pressed by higher powers like 1 //'^ and beyond, may become relevant for SUSY 
breaking effects. 

Finally, one remark regarding the calculation of radiative corrections using 
(|6.10|) and the electro weak symmetry breaking (EWSB). In our case EWSB was 



assumed to take place by appropriate values of m\^,B'. However, the same 
EWSB mechanism as in the MSSM is at work here, via quantum corrections 
to these masses, which near the EW scale turn m\ + /i^ negative and trigger 
radiative EWSB. Indeed, if the loops of the MSSM states are cut off as usual 
at the high GUT scale (well above a//) ^rid with the new Higgs quartic cou- 
plings regarded as an effective, classical operator, radiative EWSB can take 
place as in the MSSM. A similar example is the case of a MSSM Higgs sec- 
tor extended with additional effective operators of dimension d = 5 such as 
(1/M) J (f6{H\H2f giving a dimension-four (in fields) contribution to the scalar 
potential V d /ji/z2(|/?iP + |/?2p); this is regarded as an effective operator and ra- 
diative EWSB is implemented as in the MSSM, see for example ||76ll88ll . 

It is interesting to remark that that the loop corrections induced by the (ef- 
fective) quartic couplings proportional to 1 //^ in eq. (|6.10|) , can be under control 
at large /. Indeed, the loop integrals this coupling induces can be quadratically 
divergent and are then cut-off at momentum < /; but the loop effects come 
with a coupling factor that behaves like 1//^, so overall they will be suppressed 
like 1// and can then be under control even at large /. It would be interesting 
to check if for a large enough /, radiative EW breaking is still achievable if the 
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usual MSSM effects are also cut at this scale (with less an energy range to trigger 
EWSB). 



6.4.3 Invisible Decays of Higgs and Z Bosons 

Let us analyze some implications of the interactions involving the goldstino 
field, described by the Lagrangian found above. An interesting possibility, for a 
light enough neutralino, is the decay of the neutral higgses into a goldstino and 
the lightest neutralino (this is the NLSP, while the goldstino is the LSP). The 
coupling Higgs-goldstino-neutralino is only suppressed by 1//. It arises from 
the following terms in XT™ and from the terms in the on shell, supersymmetric 
part of usual MSSM Lagrangian (|6.2|) , hereafter denoted Xg"*'"^": 



j^new ^ jynshell ^ J_ ^^^^^ ^0* ^ ^2 ^^^^^ ^0*] _ B_ J^^^^^ ^ ^^^^^ ^O] 



The last term (present in the MSSM) also brings a goldstino interaction. This is 
possible through the goldstino components of the higgsinos i/^,,o^ and EW gaugi- 
nos A\ 2- The goldstino components are found via the equations of motion, after 
EWSB, to give (see also Il62l ): 

= —^{-mlv2-B'vi-]-V2{g2Dl-giDi))if/x + --- 
' f y2 ^ 

= ^{-ml vi- B' V2 + - vi {g2Dl- giDi))tffx + ■ ■■ 

- f y2 ^ 

Ai = -^{D,)if,x + ---, Al = ^{Dl)iffx + --- (6.32) 

which can be further simplified by using the MSSM minimum conditions in 
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the terms multiplied by 1// (allowed in this approximation). As a consistency 
check we also showed that the determinant of the neutralino mass matrix (now a 
5x5 matrix, to include the goldstino) vanishes up to corrections of order (9(/"'*). 
This is consistent with our approximation for the Lagrangian, and verifies the 
existence of a massless goldstino (ultimately "eaten" by the gravitino). Using 
(|6.31|) and (|6.32|) , one finds after some calculations (for previous calculations of 



this decay see UToTllTOlllTOSl ): 



1 4 

j^ne. ^ jynshen _ [ ^^^0 ^0 ^ ^^^0 ^0 ^, ^ ^ ^ (^ 33) 

/ v2 



where 



61 = niz sin9^^, [m^, cos(a + jS) + jx sin(a -/?)], 

52 = -niz cos 6w [m;i^ cos(a + /3) + fxsm(a - /3)], 

63 = -m\ sin /3 sin(a - /3) - // cos a 

64 = m\ cos yS sin(a - /3) - f/ sin a, 5\ = 5,- (6.34) 



:ij: 



is the matrix that diagonalizes the MSSM neutralino mass matri><|3 = 
X M M''' X\ and can be easily evaluated numerically (see 111041 for its analytical 



expression). Further tf, are Higgs mass eigenstates (of mass nih^H computed 
earlier) and = 1/ V2 (v,- + /?f ' + io-d with </?|") = 0, <(r,) = 0; the relation of 
to /zj 'j is a rotation, which in this case can be just that of the MSSM (due to extra 
1 // suppression in the couplings). The angle a is 



tan la = tan 2/3 ^, -n/2 <a<0 (6.35) 



2 2 ' 



^The exact form of M is: Mn - m^,, M12 = 0, Mb = -mz cos/3 sin 0„,, M14 = mz sinyS sin fl^, 
M21 = 0, M22 - m,i,, M23 - mz cos/3 cos e^,, M24 = -mz sin/3 cos 0,t,, M33 = 0, M34 = fi, M44 = 0, 
also Mjj - Mji. Note the sign of jj related to our definition of the holomorphic product of SU(2) 
doublets. With this notation, in the text;^'° = Xjk ^k, with = (A\,A\, tfffjO, iff/jo). 

^The relation is /i j - ifi cos a - /z" sin a, and /z" = sin a + /z" cos a. 
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If the lightest neutralino is light enough, m^o < m/„ then can decay into 



it and a goldstino which has a mass of order f/Mpja„ck ~ 10 eV; if this is not 
the case, the decay of neutralino into and goldstino takes place, examined in 
II103I . In the former case, the partial decay rate is 



The partial decay rate has corrections coming from both higgsino /Y14) and 
gaugino fields {Xn, ■^12)/ since they both acquire a goldstino component, see 
eqs. (|6.32|) . The gaugino correction arises after gaugino-goldstino mixing, SUSY 
and EW symmetry breaking, (as shown by m^., dependence in d'jj and was 
not included in previous similar studies Ill01lll02ill03l| . 

The partial decay rate is presented in Figure 16.21 for various values of /u, ma 
and ^ which are parameters of the model. A larger decay rate requires a light 
// ~ (9(100) GeV, when the neutralino has a larger higgsino component. At 
the same time an increase of m/, above the LEP bound requires a larger value for 
yu, close to « 700 GeV if ^ « 1.5 TeV, and n « 850 GeV if ^ « 2 TeV, see 
Figure 16.11 (c). The results in Figure 16.21 show that the partial decay rate can be 
significant (~ 3 x 10"^ GeV), if we recall that the total SM Higgs decay rate (for 
m/, « 114 GeV) is about 3x10^^ GeV, with a branching ratio of /?*' ^ yy of 2 x 10"^, 
(Figure 2 in |105| V Thus the branching ratio of the process can be close to that 
of SM /z" yy. The decay is not very sensitive to tan/3 (Figure 16.21 (b)), due to 
the extra contribution (beyond MSSM) from the quartic Higgs coupling. 

An interesting coupling that is also present in the 1 // order is that of gold- 
stino to Zu boson and to a neutralino. Depending on the relative mass relations, 
it can bring about a decay of (^y) into x^j i^fi) and a goldstino, respectively. 




(6.36) 
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2000 4000 6000 8000 10000 



(a) Tho^^^^ in function of ^/f. 




2000 4000 6000 8000 10000 



(b) T/^o^^^^ in function of 



Figure 6.2: The partial decay rate of /i° 4fxx\ for (a): taiiyS - 50, m^, - 70 GeV, 
m^2 = 150 GeV, ji increa ses from 50 GeV (top curve) by a step 50 GeV, jua - 150 GeV. 
Compare against Figure [611 (c) corresponding to a similar range for the parameters. At 
larger ^, mi, increases, but the partial decay rate decreases. Similar pictu re is obtained 
at low tanyS ~ 5. (b): As for (a) but with tanyS = 5. Compare against Figure [611 (d). Note 
that the total SM decay rate, for m/, ~ 114 GeV, is of order 10~^, thus the branching ratio 
in the a bove cases becomes comparable to that of SM Higgs going into 77 (see Figure 2 
inllOHl). 

The relevant terms are 



2 

- + (6-37) 



where the last term was generated in (|6.19|) (z labels the gauge group). Since the 
higgsinos acquired a goldstino component (oc i^x/f) via mass mixing, the first 
line above induces additional 0(1 If) couplings of the higgsino to goldstino and 
to Zy = (1/^) (^2V'2 - ^1 y\)ii with = g\ + g\- After some calculations one finds 
the coupling Z^^' tA^: 



fyllj^^ 1 
+ h.c. (6.38) 
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where 



Wj = cos /3 - sinyS /Y*3, Vj = - sin 6„ X*^ + cos 9^ ?(*2, Z^^y = d^Z^ - 5^2^(6.39) 

If m^o is lighter than then a decay of the latter into x\ + is possible. The 
decay rate of this process is (with j = 1): 

rz^...« = 3^[^iKl' + ^2|v/ + 6K-v}+w}v,)](l-^f (6.40) 

with ^1 = 2(2 + r^)n^lm\, ^2 = 2(8 + ?)(\ + 2r2), ^3 = -2(4 + 5r^)nlmz where r = 
m^Jniz (in (|6.38[) and subsequent one can actually replace n by m^^ and Wy w*, 

with /Yy4 Xfl). 

The decay rate should be within the LEP error for Yz, which is 2.3 MeV M106I 
(ignoring theoretical uncertainties which are small). From this, one finds a lower 
bound for -sjf, which can be as high as ^Jf ~ 700 GeV for the parameter space 
considered previously in Figure 16. 1[ while generic values are V7 - (9(400) GeV. 
Therefore the results for the increase of m/,, that needed a value for in the 
TeV region, escape this constraint. This constraint does not apply if the lightest 
neutralino has a mass larger than mz, when the opposite decay (xj Z if/x) takes 
place (this can be arranged for example by a larger m^j ). 

There also exists the interesting possibility of an invisible decay of gauge 
boson into a pair of goldstino fields, that we review here Il62l |64l |82|. This is 
induced by the following terms in the Lagrangian, after the Higgs field acquires 
aVEV: 

_^ne. ^ j-onsHell ^ ^^^^^ (^^^3 _ y^)^ (^2 ^2/2 _ ^2 ^2/2) 

- i ^„o^(A„«(^2 V2 - ^1 Vi), + ^ ^,o^(A,o(g2 V2 - ^1 ^i).. ) + h.c.{6Al) 
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With (|6.32[) and jSAl} one finds the coupling of Z boson to a pair of goldstinos: 



2 

mi — 



where (Dz) = cos 9w {D\) - %mOw (Di) = -{m\lg) cos 2yS + (9(1 //). The decay rate 
is then 



_ mz 

-1 Z-^if/xif/x ~ 



cos^ 2;8 (6.43) 



in agreement with previous results obtained for B' = ||64ll62l l82|. The decay 
rate is independent of and should be within the LEP error for Fz (2.3 MeV 
|106| ). One can then easily see that the increase of the Higgs mass above the 



LEP bound (114.4 GeV) seen earlier in Figure [6H is consistent with the current 
bounds for this decay rate, which thus places only mild constraints on /, below 
the TeV scale (« 200 GeV) illSl. 

Similarly, J^^" can also induce Higgs decays into goldstino pairs. The terms 
in X"*"'" that contribute to Higgs decays are X^" 2)' -^d''' -^m '™ together with the 
MSSM higgsino-Higgs-gaugino coupling (last term in (|6.31|) ). After using (|6.32|) , 
expanding the Higgs fields about their v.e.v, one finds: 

. . ij, n.1 COS 2, [Ur si„^ - HI' cos,] . H.. . (6.44, 

which, similarly to Z couplings, is independent of gaugino masses. Here v = 246 
GeV and = 1/ V2 (v,- +/?°' +zcr,), </z°') = 0, <cr,) = 0. In the mass eigenstates basis 
one simply replaces the square bracket in (|6.44|) by [//° sin(/0 -a)-h^ cos(J3 - a)]. 



One can also replace by m\ = m\ + - m| + (9(1 //^), where the Higgs masses 
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can be taken to be the MSSM values (up to higher order corrections in 1 //). The 
decay rate of /i° into a pair of goldstinos is then 

(6.45) 

where gho<px<j'x is the coupling of h^ij/xf/^x of the above Lagrangian. For relevant 
values of / above ~1 TeV it turns out that this decay rate is very small relative 
to other partial decay rates of the Higgs in the MSSM/SM. For example, for a 
total decay rate near 10"^ GeV (valid near a Higgs mass of order (9(100) GeV), 
the branching ratio of this decay mode is well below the usual ones and below 
that of SM Higgs going into yy, by a factor « 10^ - 10^. 
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Chapter 7 

Summary of Results 



This part of the thesis consists of two different effective analyses in the con- 
text of MSSM. 

In the first one, covered in chapters |3l H] and |5l we considered an extension 
by the complete set of R-parity conserving, mass dimension 5 operators for the 
MSSM and by dimension 5 and 6 for its Higgs sector. This set included all su- 
persymmetric and supersymmetry breaking terms, the latter being incorporated 
by the use of spurions. Some of these operators are not physical since they can 
be related to each other by field redefinitions. We performed the appropriate, 
spurion dependent, redefinitions that allowed us to write down the full irre- 
ducible set of dimension 5 and dimension 6 operators. We further restricted the 
parameter space by applying phenomenological constraints, in particular from 
flavor changing neutral currents. We then studied the phenomenological conse- 
quences of the model both in the production of new couplings and in the mass 
of the Higgs. 

The new couplings include "wrong" Higgs Yukawa terms which are also 
generated at one loop in pure MSSM. One significant effect of these terms is 
the taiiyS enhancement of the mass of the bottom quark. If the scale of the ef- 
fective operators is at the multiTeV scale, the effective contribution is compa- 
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rable or even bigger than the loop contribution. We also found couplings of 
type 2 quarks - 2 squarks and 2 quarks - 2 sleptons. These are also relevant for 
LHC since they contribute to processes of squark production. The correspond- 
ing pure MSSM channels become weaker for higher collision energy, contrary 
to the effective contribution which is simply suppressed by 1/M. The two can 
become comparable for energy of the TeV scale as in LHC. 

The effective analysis presented offers a solution to the little hierarchy prob- 
lem of MSSM. This problem is related to the fact that the tree level calculation 
for m/i in pure MSSM reveals an upper bound, equal to mz = 91.2 GeV, which 
is in complete disagreement with the lower bound of 114 GeV from the LEPII 
experiment. The only way to overpass this discrepancy in pure MSSM is to 
suppose significant loop corrections implying very heavy stops or large stop 
mixing. In any case fine tuning is reintroduced and this is what we call the little 
hierarchy problem. However, we showed that effective operators can signifi- 
cantly raise the mass of the Higgs thus reducing the fine tuning. This result 
suggests an alternative interpretation of the little hierarchy. Instead of viewing 
it as a deficiency of MSSM, it can be viewed as an indication for new physics at 
the multiTeV range. 

The second effective analysis, presented in chapter [6l is not related to some 
"new physics" but to the SUSY breaking sector. Models of low energy SUSY 
breaking predict a very light gravittno. In the low energy regime, the dynamics 
of the gravitino can be accurately described by the dynamics of its goldstino 
component. So if the breaking scale is around TeV, apart from the pure MSSM 
spectrum we need to include the goldstino mode. 

The effective description of the goldstino mode is done via nonlinear real- 
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ization of supersymmetry. There are various ways to study such systems. We 
chose the language of "constrained superfields" as the most general and easy 
to reproduce the couplings of goldstinos to MSSM fields. We wrote the full set 
of couplings and studied their phenomenological significance. One important 
effect is again related to the mass of the Higgs. It is shown that the presence of a 
goldstino can also increase m/, providing us with yet another way to alleviate the 
little hierarchy, even without the hypothesis of new physics. Furthermore, we 
found that invisible decays of Higgs to goldstinos and other neutralinos can be 
of comparable size with the standard decay to two photons. Finally, assuming 
that the lightest neutralino is lighter than the Z gauge boson, we got a bound on 
the SUSY breaking scale of around 700 GeV from invisible Z boson decays. 
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Part II 



Brane - Bulk Interactions in 



N = 2 Global and Local 



SUPERSYMMETRY 
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Chapter 8 



Preliminaries 



8.1 The Dirac Born Infeld Action as the Effective Action of a 
D-brane 

In 1934, a few years before the development of Quantum Electrodynamics, M. 
Born and L. Infeld proposed a generalization of Maxwell's electrodynamics that 
was free of the notorious divergence in the self-energy of the electron 111071 . 
Their inspiration derived from how Special Relativity (SR) accommodated what 
they called "the principle of finiteness", that consistent theories should not al- 
low physical quantities to become infinite. 

In SR, the Newtonian kinetic energy of a particle is replaced by a function 
that imposes an upper limit in the velocity. 



The deeper reason behind this replacement is the iprinciple of relativity, that 
the kinetic action be invariant under Lorentz transformations. Bom and Infeld 




(8.1) 
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suggested a similar replacement for electrodynamics 
1 



1 + J_(//2_£2)_1 



(8.2) 



where b is a constant with the same dimension as the fields. They supported it 
by constructing a general expression for the Lorentz invariant action of a tensor 
field A^y. In a few lines, this is what they did: Under a coordinate transfor- 
mation, the measure d'^x becomes Jd'^x and the determinant |A| becomes J~^\A\, 
where J is the Jacobian of the transformation. It is obvious then that Vi^^^"^^ 
forms an invariant piece. As for any arbitrary tensor, we can split A^y into a sum 
of its symmetric and antisymmetric part. The symmetric part was identified 
with the metric g^y and the antisymmetric with the field strength F^y. A general 
expression for an invariant Lagrangian is then: 



£= ^-\g + F\ + a^^i\+P^f\F\ 



(8.3) 



However, the last piece is a total derivative and can be ignored. Also, a = -I 
by the requirement that we reduce to Maxwell's electrodynamics in the limit of 
small fields. After restoring dimensions we find that in flat space the Lagrangian 
takes the form: 



£ = b' 









1 - . 













1 - A 1 + 



16M 



(8.4) 



where F^y = e^vpa-F^"^ 1'^ is the dual field strength. We see that their derivation led 
to the suggested action (|8.2[) up to the piece FF that does not affect the resolution 
of the electron self energy problem. In fact, we see that the electric field E has 
a maximum value b, in direct correspondence to the maximum velocity c of a 
particle in SR. As a consequence, the electric potential at zero distance doesn't 
diverge as 1 /r but rather takes a maximum value proportional to ^jb/e, with e 
the electron charge. 
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The Bom Infeld (BI) action offered an ingenious solution to the apparent di- 
vergence of the electric field at short distances. However, it was a classical solu- 
tion to a problem that is purely quantum mechanical. The advent of Quantum 
Electrodynamics and renormalizable quantum field theories in the following 
years resolved, beyond many other things, the self energy problem. 

Little attention was paid to the BI action until 50 years later. In a paper by 
E. Fradkin and A. Tseytlin in 1984, it was shown that the low energy effective 
action for open bosonic strings propagating in a background of constant field 
strength is given precisely by the BI action II108II . The same action is obtained in 
the superstrings case, too II1091I1101 . In this framework, the maximal value 'b' of 



the field strength is interpreted as the string tension T = I /2na'. At such extreme 
values, higher harmonics of the string can be excited and thus the energy of the 
field is transferred into these modes. In a way, the extended nature of strings 
smears the singularity. This was a remarkable discovery as it provided a closed 
expression where a' corrections are summed up to all orders. 

The connection with D-branes, which were discovered some years later, 
didn't take long to reveal. It was soon demonstrated that the effective action 
for the coupling of a D-brane with NSNS bulk fields is given by the Dirac-Born- 
Infeld (DBI) action [|111 | | . The DBI action is merely a dimensional reduction of 
a generalization of BI action to include the coupling to the dilaton and the an- 
tisymmetric tensor. The effective action of a D-brane was extended after it was 
discovered that these non perturbative objects break half of the bulk supersym- 



metries and act as sources for the RR fields of the closed string spectrum |112| . 



This introduced a second piece in the effective action given by Wess-Zumino 



terms 111131 . All in all, the bosonic part of the world-volume effective action of a 
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Dp-brane at the string tree level is given by: 

SDp = -TpJ d^^'xe-'^ ( VH^ - V-l^ + 2na'F + B\) + J J^e^'"''^^' A Ci (8.5) 

at string frame. Tp is the brane tension, {ip is the brane's charge for the various 
RR fields denoted by C/ (so / is even in type JIB and odd in type IIA) while B is 
the NSNS 2-form. 

In the previous paragraph we mentioned that D-branes are objects that break 
half of the bulk supersymmetries and that their low energy effective action is 
described by the DBI action. To be more precise, it has been shown that the 
broken half of the supersymmetry is realized nonlinearly on the worldvolume 
of the D-brane. These facts lead us to the following question: Is it possible to 
apply the tools of nonlinear realizations developed in the previous part of the 
thesis, in order to "reproduce" the low energy effective action of a D-brane? In 
the following chapters we show that for the general case oi N = 2 bulk super- 
symmetry, it is. We do this by defining appropriate N = 1 superfields and then 
upgrading the constrained superfields technique toN = 2 superspace. The con- 
straint breaks one supersymmetry leaving one linear and one nonlinear in the 
effective theory. The result comes out to be precisely the DBI action plus Wess - 
Zumino terms. 



8.2 Quaternion-Kahler and Hyper-Kahler Manifolds 

Supersymmetric Lagrangians of interacting matter typically contain compli- 
cated, field dependent terms in their kinetic part forming a nonlinear cr model. 
An efficient way to study the structure of the allowed couplings is to view the 
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fields as coordinates of a Riemannian manifold. Restrictions that supersymme- 
try imposes on the couplings are translated into restrictions on the correspond- 
ing manifold of the cr model. 

N = I global supersymmetry requires that the manifold of hypermultiplet 
scalars is Kahler while for N = I supergravity it is further restricted to be 
Hodge. Adding one more supersymmetry brings further conditions: The scalar 
manifold in global N = 2is restricted to be hyperKahler while in local = 2 it 
is quatemion-Kahler. Since we will focus on AT = 2 supersymmetric models, we 
briefly present some basic facts about these two manifolds. 

A quaternion-Kahler manifold is a 4n real dimensional Kahler manifold with 
holonomy contained in S p(2) x S p(2n). It has three complex structures 

with i,k,l = 1, 2, 3 and a hermitian metric such that, for each i 

gap Jk •'a - 8kA ■ 

It is also Einstein, which means that its Ricci tensor is proportional to the metric: 

Rafi = 2p(2 + n)gafi . 

and is strictly non-vanishing. In addition, it has a self-dual Weyl curvature 
(Weyl tensor is the traceless component of Riemann tensor). In 4D (n=l) the 
holonomy is S p(2) x 5 p(2) ~ S 0(4) so the holonomy condition is empty. In this 
case the proper condition is self -duality of the Weyl tensor. InN = 2 nonlinear 
cr models coupled to SUGRA the Einstein parameter is identified as p = 
where = SttGm (Gm is Newton's constant). In the zero curvature limit (k — > 0) 
we obtain global supersymmetry and a manifold which is Ricci-flat (Ricci tensor 
is zero). 
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By properly taking the global supersymmetry limit in a SUGRA theory with 
matter couplings, we should reduce to some global matter coupling theory 
which, as we mentioned, is described by a hyper-Kahler manifold. Hyper- 
Kahler manifolds are defined as the 4n real dimensional, connected, Rieman- 
nian manifolds whose holonomy group is contained in S p(2n). All hyper-Kahler 
manifolds are also Kahler and Ricci-flat, that is Rj^y = 0. This matches with the 
zero curvature limit of the quatemion-Kahler. However, hyper-Kahler are not 
a subclass of quaternion-Kahler whose Ricci scalar and Sp(2) connection are 
strictly non-zero. 



8.3 Superspace Conventions 

The notation used henceforth is somewhat different from the one of the previous 
part, being more suitable for the work done here. We present the notation as 
well as some ingredients that will be proven useful in the following chapters. 

The N = I supersymmetry variation of a superfield Vi is dVi = (eQ + eQ)Vi, 
with supercharges verifying the algebra 

{Qa,Qa} = -2Kcr^)aad^. (8.7) 

On Vi, the supersymmetry algebra is 

[SuSiWi = -2i (6ia^?2 - e20-''e,) d,V,. (8.8) 
The covariant derivatives 

^- = ^- ^/^ ' ^« = — - ^■(^(^)« (8.9) 
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anticommute with supercharges and verify 

{D„,D^} = -2/(a-0«^5^ (8.10) 

as well. 

The second supersymmetry will transform Vi into another superfield V2 and 
these two will form an N = 2 supermultiplet. It is known that the covariant 
derivatives themselves offer a good differential realization of the supersymme- 
try algebra; this is easily seen here by comparing (|8.7[) and (|8.10|) . So we choose 



to realize the second supersymmetry algebra on the covariant derivatives by 
postulating the following transformations: 

6* Vi = — ^—(t]D + 1]D)V2, 5* V2 = i yflir/D + l]D)Vi . (8.11) 

where rja is the spinorial parameter of the second supersymmetry. What we 
have presented here is the realization oiN = 2 supersymmetry in terms oi N = I 
superfields. We will see later that for our purposes, we can also define N = 2 
chiral superfields, which will be very useful in simplifying various expressions. 

The N = I supersymmetry variations of the components (z, if/, f) of a chiral 
superfield O, Z)q,0 = 0, are 

5z = V26(A, 

= -V2[/6, + /(a-^?)„5^z], (8.12) 

6f = -yl2idi,iffo-^'e. 
The bosonic expansions of the chiral superfields that will appear later are: 

Xa(y,e) = -\eaC(y) + \iecr>^a\b,Ay), (8-13) 

0(3;, 0) = (f>(y)-e9My), 
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and any other chiral superfield has an expansion similar to O. In this notation 
Xa = (XaT but Wa = -(Wa)* ■ Since L = D"Xa - Dax", the linear superfield has 
bosonic expansion 

L(jc, 6,6) = C + 6o^6Vf, + \66ee uC, 

(8.14) 

V = -f d^hP"' = -f cPhP"'^ = -€ WP"' 



With these expansions. 



-1} + ^(O + of 



is the Lagrangian of a free, canonically-normalized, single-tensor N = 2 multi- 
plet. Its bosonic content is 

For more details on the single tensor multiplet see section |9Jl 
The identities 

DD ee = ddW = -4, J (fe(fe = cfe'DD = -^J (feoD, (8.i5) 

only valid under a space-time integral J d'^x, are commonly used. Also, 



[D,, DD] = -Aiicr^^DXd,, [D^, DD] = +Ai{Da^^)^d^ 



DD Wa = Aiicr'^df.WX, DD = -4i(df,W(T^)a. 
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Chapter 9 



The Linear N = 2 
Maxwell-Dilaton System 



Our first objective is to describe, in the context of linear N = 2 supersym- 
metry, the coupling of the single-tensor multiplet to N = 2 super-Maxwell the- 
ory. Since these two supermultiplets admit off-shell realizations, they can be 
described in superspace without reference to a particular Lagrangian. Gauge 
transformations of the Maxwell multiplet use a single-tensor multiplet, we then 
begin with the latter. 

9.1 The Single-Tensor Multiplet 

In global N = I supersymmetry, a real antisymmetric tensor field b^y is de- 
scribed by a chiral, spinorial superfield;^^^, with 8^ + 8f fields ffmlQ: 

Xa = -\0a(C + iC) + ^iOa^'a"), b,y + ... ( D^Xa = ), (9.1) 

C and C being the real scalar partners of bf^y. The curl h^^yp = 3 di^byp^ is described 
by the real superfield 

L = D''Xa-D^r- (9.2) 
^The notation niB + np stands for 'm bosonic and n fermionic fields'. 
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Chirality oixa implies linearity of L: DDL = DDL = 0. The linear superfield L is 



invariant under the supersymmetric gauge transf ormatior 



I — 



Xa Xa + ^DDD,A, Xa ^ + -DDD^A, (9.3) 

of Xa- this is the supersymmetric extension of the invariance of /j^yp under 
Sbfjy = 2 5|pAy]. Considering bosons only, the gauge transformation (|9.3|) elim- 
inates three of the six components of Z?^v and the scalar field C. Accordingly, 
L only depends on the invariant curl h^yp and on the invariant real scalar C. 
The linear L describes then 4b + Ap fields. Using either Xa or L, we will find 
two descriptions of the single-tensor multiplet of global N = 2 supersymmetry 



In the gauge-invariant description using L, the N = 2 multiplet is completed 
with a chiral superfield 0(8^ + 8^- fields in total). The second supersymmetry 
transformations (with parameter rja) are 



6*L = -^(rjD^ + rjD^) , 

(9.4) 

(5*0 = i^riDL, 5*^ = /VIt/DL, 

where D^ and Da are the usual N = \ supersymmetry derivatives verifying 
{Da, Da\ = -2i(cr^)aad^. It is easily verified that the N = 2 supersymmetry alge- 
bra closes on L and O. 

We may try to replace L by Xa with second supersymmetry transformation 
6*Xa = ~~^^^a' suggested when comparing eqs. (|9.2[) and (|9.4|) . However, 



with superfields Xa and O only, the N = 2 algebra only closes up to a gauge 
transformation (|9.3|) . This fact, and the unusual number 12^ + \2f of fields, 
indicate that ixa, ^) is a gauge-fixed version of the off-shell N = 2 multiplet. 



is an arbitrary real superfield. 
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We actually need another chiral N = I superfield Y to close the supersymmetry 
algebra. The second supersymmetry variations are 

6*Y = ^r^x, 

5*Xa = -^(!)r]„-^7j,DDY- ^^2iicr''■nX^,Y, (9.5) 

One easily verifies that the F-dependent terms in 6*Xa induce a gauge trans- 
formation (|9.3|| . Hence, the linear L and its variation 6*L do not feel Y. The 
superfields ;t'Q,, O and Y have 16^ + 16^ field components. Gauge transformation 
(|9.3|) eliminates 4b + 4-f fields. To further eliminate 4b + 4f fields, a new gauge 
variation 

Y Y-^DDA', (9.6) 

with A' real, is then postulated. We will see below that this variation is actually 
dictated by A/" = 2 supersymmetry. There exists then a gauge in which 7 = 
but in this gauge the supersymmetry algebra closes on;^Q, only up to a transfor- 
mation (|9.3|) . This is analogous to the Wess-Zumino gauge oi N = I supersym- 
metry, but in our case, this particular gauge respects N = I supersymmetry and 
gauge symmetry (|9.3[) . 

Two remarks should be made at this point. Firstly, the superfield Y will play 
an important role in the construction of the Dirac-Born-Infeld interaction with 

n 

nonlinear N = 2 supersymmetry. As we will see later oriEl it includes a four- 
index antisymmetric tensor field in its highest component. Secondly, a constant 
(^-independent) background value (O) breaks the second supersymmetry only, 
6*Xa = + • • • It is a natural source of partial supersymmetry breaking 

in the single-tensor multiplet. Notice that the condition (5*(0) = is equivalent 
^See section l94l 



121 



to D^{Dx - Dx) = 0. 

An invariant kinetic action for the gauge invariant single-tensor multiplet in- 
volves an arbitrary function solution of the three-dimensional Laplace equation 
(for the variables L, O and O) ||T9l : 

/- — d^H d^'H 
d^e^emL, O, O) , — + 2 = = 0. (9.7) 

In the dual hypermultiplet formulation the Laplace equation is replaced by a 
Monge- Ampere equation. We will often insist on theories with axionic shift 
symmetry 50 = ic (c real), dual to a double-tensor theory. In this case, 'H is a 
function of L and O + O so that the general solution of Laplace equation is 

£sT = I dVe HCV) + h.c, ^ = L + -^(O + O), (9.8) 

J V2 

with an arbitrary analytic function HCV). 

The single-tensor multiplet as well as its Poincare duals will play a central 
role in what follows. For this reason in Appendix Owe give a detailed presen- 
tation of these multiplets and the duality transformations that switch from one 
to the other. 



9.2 The Maxwell Multiplet, Fayet-Iliopoulos Terms 

Take two real vector superfields Vi and V2. Variations 

6*Vi = -^ [t]D + 1]D]V2, S* V2 = yl2i[r]D + Ijo] Vi (9.9) 

provide a representation oi N = 2 supersymmetry with 16b+ 16f fields. We may 
reduce the supermultiplet by imposing on Vi and V2 constraints consistent with 
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the second supersymmetry variations: for instance, the single-tensor multiplet 
is obtained by requiring Vi = L and V2 = ^ + Another option is to impose a 
gauge invariance: we may impose that the theory is invariant undej^ 



6u(r)Vi=Ae, 6ui:)V2=K + K, (9.10) 

where and Ac form a single-tensor multiplet, 

A, = A,, DDAe = 0, D^A, = 0, (9.11) 



with transformations (|9.4|) . Defining the gauge invariant superfields 



= -\DDD^V2, Wa = -\DDD^V2, 



(9.12) 



X = \DDV^, X = {DDVx, 

the variations (|9.9[) impl}C 

6*X=^iri"Wa, 6*X=^iliJ^, 

6*Wa = V2 / [{r^^DDX + i{cT^'l^)a d^x] , (9.13) 

6*W^ = V2 / [l^^DDX - i{r](rna d,x] . 
While (Vi, V2) describes the N = 2 supersymmetric extension of the gauge po- 
tential A^, {Wa, X) is the multiplet of the gauge curvature F^y = 2 d^Ay^ II115II . 

The N = 2 gauge invariant Lagrangian depends on the derivatives of a holo- 
morphic prepotential T{X): 

-CMax. = \Jd^e[r"{X)ww- ^r'(X)DD x] + c.c. 

= \J d^er"(.x)ww + c.c. + (fe(fe \r'{X)x + t'(x)x] + d^{. . .). 

(9.14) 

^For clarity, we use the following convention for field variations: 6* refers to the second 
{N - 2) supersymmetry variations of the superfields and component fields; 6u(i) indicates the 
Maxwell gauge variations; 5 appears for gauge variations of superfields or field components 
related (by supersymmetry) to 5b - 2 A^j . 

^Remember that with this (standard) convention, Wa is minus the complex conjugate of Wa- 
^There is a phase choice in the definition of X: a phase rotation of X can be absorbed in a 
phase choice of rj. 
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In the construction of the Maxwell multiplet in terms of X and Wa, one ex- 
pects a triplet of Fayet-Iliopoulos terms, 

£pj = + ia) J (feX - ^(^1 - ia) J (feX + d^OcfeVi, (9.15) 

with real parameters ^1, ^2 and a. They may generate background values of 
the auxiliary components fx and ^2 of ^ and V2 which in general break both 
supersymmetries: 

6*X = V2/ 7/0 < J2) + • • ■ , S* = V2/ r]a (fx) + ■■■ (9.16) 



In terms of Vi and V2 however, the relation X = jDDVi implies that Im/x is the 
curl of a three-index antisymmetric tensor (see section 19. 4|) and that its expec- 
tation value is turned into an integration constant of the tensor field equation 
|116[I117| . As a consequence. 



+ ia) J d^ex - ^(^1 - ia) J d^OX = ^ij d^Od^eVi + derivative 
and the Fayet-Iliopoulos Lagrangian becomes 

Lf.i. = Jd^ed^e[^,Vi +^2V2l (9.17) 

with two real parameters only. 

The Maxwell multiplet with superfields (X, Wa) and the single-tensor mul- 
tiplet (Y,Xa, ^) have a simple interpretation in terms of chiral superfields on 
N = 2 superspace. We will use this formalism to construct their interacting 
Lagrangians in section |931 
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9.3 The Chern-Simons Interaction 



With a Maxwell field = 2 d[^Ay] (in Wa) and an antisymmetric tensor Z?^y (in 
Xa or L), one may expect the presence of a A F interaction 



^"P^b^yFp^ = 2 e^'f'A^dybp^ + derivative. 



This equality suggests that its A/" = 2 supersymmetric extension also exists in 
two forms: either as an integral over chiral superspace of an expression de- 
pending on Xa> Wa, X, O and Y, or as a real expression using L, O + O, Vi and 

In the 'real' formulation, the N = 2 Chern-Simons term ij^ 

£cs =-gJ d^Od^e [lV2 + (O + O) Vi], (9.18) 

with a real coupling constant g. It is invariant (up to a derivative) under the 
gauge transformations (|9.10|) of Vi and V2 with L and O left inert. Notice that the 



introduction of Fayet-Iliopoulos terms for Vi and V2 corresponds respectively to 
the shifts O + O^ O-l-O-^i/^ and L ^ L - ^2/^ in the Chern-Simons term. 

The 'chiral' version uses the spinorial prepotential Xo instead of L. Turning 



expression (|9.18)) into a chiral integral and using X = \DD Vx leads to 



-Lcs.x = sj d'-e[x"Wa + Ux] +gj d^-x,w' + Ux], (9.19) 

which differs from Xcs by a derivative. The chiral version of the Chern-Simons 
term -Ccs,x transforms as a derivative under the gauge variation (|9.3[) of ^q.. Its 



invariance under constant shift symmetry of ImO follows from X = ^DD V^. It 
does not depend on Y. 



''The dimensions in mass imit of our superfields are as follows: Vi, V2 : , X, F : 1 , Wa,Xa '■ 
3/2 , O, L : 2. The coupling constant g is then dimensionless. 
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The consistent Lagrangian for the Maxwell - single-tensor system with 
Chern-Simons interaction is then 



-CsT + -Cmcix. + -CcS 



or 



JlsT + -Cmox. + -CcS,y- 



(9.20) 



The first two contributions include the kinetic terms and self-interactions of the 
multiplets while the third describes how they interact. Each of the three terms 
is separately N = 2 super symmetric. 

Using a A/" = 1 duality, a linear multiplet can be transformed into a chiral su- 
perfield with constant shift symmetry and the opposite transformation of course 
exists. Hence, performing both transformations, a single-tensor multiplet La- 
grangian (L, O) with constant shift symmetry of the chiral O has a 'double-dual' 
second version. Suppose that we start with a Lagrangian where Maxwell gauge 
symmetry acts as a Stiickelberg gauging of the single-tensor multipletP 

X = ^(fe(fe'H{L-gVu^ + '^-gV2). (9.21) 

The shift symmetry of Im O has been gauged and X is invariant under gauge 
transformations (|9.10)) combined with 



(5j/(i)0 = gK, , 



(9.22) 



and under N = 2 supersymmetry if 'H verifies Laplace equation (|9.7[) . If we 
perform a double dualization (L, + 0)^(0 + 0, L), we obtain the dual theory 



rw,, + -ox 



-I- c.c. 



(9.23) 



d^ed^e 



'H{L, O + O) - gLV2 



+ 



d^e^X + c.c. 



^Strictly speaking, the coupling constant g in this theory has dimension (energy)^. There is 
an irrelevant energy scale involved in the duality transformation of a dimension two L into a 
dimension two chiral superfield. Hence, g in eq. | |9.23|I is again dimensionless. 
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where 9i is the result of the double Legendre transformation 

nk{y, x) = nH{x, y)-xx- yy. (9.24) 

The dual theory is then the sum of the ungauged Lagrangian (|9.7|) and of the 
Chern-Simons coupling (|9.18|) . This single-tensor - single-tensor duality is actu- 



ally N = 2 covariant: if IH solves Laplace equation, so does 'H, and every in- 
termediate step of the duality transformation can be formulated with explicit 
N = 2 off-shell supersymmetry. 

We have then found two classes of couplings of Maxwell theory to the single- 
tensor multiplet. Firstly, using the supersymmetric extension of the b A F cou- 
pling, as in eqs. (|9.20|) . Secondly, using a Stiickelberg gauging (|9.21|) of the 



single-tensor kinetic terms. The first version only is directly appropriate to per- 
form an electric-magnetic duality transformation. However, since the second 
version can always be turned into the first one by a single-tensor - single-tensor 
duality, electric-magnetic duality of the second version requires this preliminary 
step: both theories have the same 'magnetic' dual. 



9.4 The Significance of Vi, X and Y 

In the description of the N = 2 Maxwell multiplet in terms of two N = I real 
superfields, V2 describes as usual the gauge potential A^, a gaugino Aa and a real 
auxiliary field (in Wess-Zumino gauge). We wish to clarify the significance 
and the field content of the superfields V\ and X = ^DDV\, as well as the related 
content of the chiral superfield Y used in the description in terms of the spinorial 
potential ;^fQ, of the single-tensor multiplet {Y,Xa, 
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The vector superfield Vi has the N = 2 Maxwell gauge variation 6u(r)Vi = K(, 
with a real linear parameter superfield A^. In analogy with the Wess-Zumino 
gauge commonly applied to V2, there exists then a gauge where 

Vi (x, e, 9) = Oo-^eviu - \eex-\'eex- -^eee^^ - -^oeei^x + \eeee di . (9.25) 

2 2 V2 V2 2 

This gauge leaves a residual invariance acting on the vector field vi^ only: 

5f/(i)V^ = ^6^^^-5,Ap^. (9.26) 

This indicates that the vector is actually a three-index antisymmetric tensor, 

= If^^^'^A.p^, (9.27) 

with Maxwell gauge invariance 

3f?t.Avp]. (9.28) 



By construction, X = ^DDVi is gauge invariant. In chiral variables, 

Xiy, 6) = x + yflOipx- Oeidi + /5^v^). (9.29) 
Hence, while Re fx = di, 

Im fx = 5X = ^e^'^'^i^/^vp., F^y,^ = 4 5^A,p,] (9.30) 

is the gauge-invariant curl of A^yp. It follows that the field content (in Wess- 
Zumino gauge) of Vi is the second gaugino ij/x, the complex scalar of the 
Maxwell multiplet x, a real auxiliary field di and the three-form field A^yp, which 
corresponds to a single, non-propagating component field. The gauge-invariant 
chiral X includes the four-form curvature F^vpo-- 



At the Lagrangian level, the implication of relations (|9.30|) is as follows. Sup 



pose that we compare two theories with the same Lagrangian £(u) but either 
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with u = (p, a real scalar, or with u = d^V^, as in eq. (|9.30|) . Since X(0) does not 



depend on 5^0, the scalar <p is auxiliary. The field equations for both theories are 

= 



— = 0, —£(u) 
0(p ou 



The second case allows a supplementary integration constant k related to the 
possible addition of a 'topological' term proportional to d^V^ to the Lagrangian 

imnna: 

= k. 



ou 



In the first case, the same integration constant appears if one considers the fol- 
lowing modified theory and field equation: 

£(cP)-k(/> x(0) = fc. 

0(p 

Returning to our super-Maxwell case, the relation is = Im /x and the modifi- 
cation of the Lagrangian is then 

ik r 

- klmfx = -- I Sex + c.c. (9.31) 
This is the third Fayet-Iliopoulos term, which becomes a 'hidden parameter' 



II116I when using Vi instead of X. 



Consider finally the single-tensor multiplet {Y,Xa, ^) and the supersymmet- 
ric extension of the antisymmetric-tensor gauge symmetry, as given in Eqs. (|9.3|) 
and (1931): 

1- 



6Y = --DDA', 6xa = -DDD^A, = 0. 



Using expansion (|9.29[) , there is a gauge in which Y reduces simply to 

Y = -ieeimfY (9.32) 
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and one should identify Im fy as a four-index antisymmetric tensor field, 

lmfy = ^e^^^''C,,,^, (9.33) 
with residual gauge invariance 

SC^yp^ = 4d^j,Ay,^y (9.34) 

The antisymmetric tensor C^vpo- describes a single field component which can be 
gauged away using Aypo-- Applying this extended Wess-Zumino gauge to the 
N = 2 multiplet (Y,Xa, the fields described by these N = I superfields are as 
given in the following table. 



N = I superfield 


Field 


Gauge invariance 


Number of fields 








6b — 3b = 3b 




C 




1b 




Xa 




4f 


o 


o 




2b 




U 




2b (auxiliary) 








4f 


Y 


c 


S Cfivpcr — 4 (9[^A.ypo-] 


1b - 1b = Ob 



The propagating bosonic fields b^v, C and O (four bosonic degrees of freedom) 
have kinetic terms defined by Lagrangian £,st> eq. (|9.7[) . 

9.5 Chiral N = 2 Superspace 

Many results of the previous section can be reformulated in terms of chiral su- 
perfields on N = 2 superspace. We now turn to a discussion of this framework, 
including an explicitly N = 2 covariant formulation of electric-magnetic duality. 
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9.5.1 Chiral N = 2 Superfields 



A chiral superfield on A/" = 2 superspace can be written as a function of 6, 6: 

D,,Z = D^Z = Z = Z(y,e,e) (9.35) 

with = - - Wa^O and y'^ = Day'^ = 0. Its second supersymmetry 
variations are 

5*Z = KnQ + n'3)Z, (9.36) 

with supercharge differential operators Qa and Q^, which we do not need to ex- 
plicitly write. It includes four N = I chiral superfields and 16b + 16f component 
fields and we may use the expansions 

Ziy, e, 6) = Z(y, 0) + V2 d^'coaiy, 9) - ~e~eF(y, 9) 

(9.37) 

= Ziy, 0) + V2 9^'oj,(y, 9) - 99 [iO^Cy, 9) + '{DDZiy, 9)] , 

where 9 and Da are the Grassmann coordinates and the super-derivatives asso- 
ciated with the second supersymmetry. The second supersymmetry variations 
(|9.36|) are easily obtained by analogy with the N = I chiral supermultiplet: 



6*Z = y[lr]oj, 

6*cOa = - V2[F77„ + K(T^lj)a d,Z] = -^Oz 7]a - ^rja DDZ - ^i{(rf^ljXd,Z, 
6*F = - y/2i df,too-% 

(9.38) 

We immediately observe that the second expansion (|9.37[) leads to the second 



supersymmetry variations (|9.5|) of a single-tensor multiplet (Y = Z,x = a», O = 
O^;). Similarly, the expansion 

W(y, 9, 9) = X(y, 9) + yfli 9W{y, 9) - 99 ^^DX{y, 9), (9.39) 
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which is obtained by imposing O^; = in expansion (|9.37[) , leads to the Maxwell 



supermultiplet (|9.13|) II118I . The Bianchi identity D"Wa = D^W is required by 



6*Oz = 0. The N = 2 Maxwell Lagrangian (|9.14[) rewrites then as an integral 
over chiral N = 2 superspace, 

Xm.x = \^d'e J d^~eri^) + c.c, (9.40) 

and the Fayet-Iliopoulos terms (|9.17[) can be written 111 1911 



= J cFed^ev^iVi +^2^2] = -^J' (fe J d^9[ee^i - yf2iee^2]'W + c.c. (9.4i) 

Considering the unconstrained chiral superfield (|9.37|) with 16^+ 16^ fields, 
the reduction to the Ss + Sf components of the single-tensor multiplet is done by 
imposing gauge invariance (|9.3|) and (|9.6|) . In terms oi N = 2 chiral superfields, 
this gauge symmetry is simply 

5J/ = -nV, (9.42) 



where "W is a Maxwell N = 2 superfield parameter (|9.39|) . In terms oi N = \ 
superfields, this is 

6Y = -X, 5xa = -iWa, <5O = 0, (9.43) 

as in eqs. (|9.3|) and (|9.6|) . Hence, a single-tensor superfield J/ is a chiral superfield 
Z. with the second expansion (|9.37|) and with gauge symmetry (|9.42|) . 



The chiral version of the Chem-Simons interaction (|9.19|) can be easily writ 



ten on A/" = 2 superspace. Using J/ with gauge invariance (|9.42|) and "W to 
respectively describe the single-tensor and the Maxwell multiplets. Then 

-Ccs,x = is J d^O J (fe^^V + c.c. (9.44) 
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It is gauge-invariant since for any pair of Maxwell superfields 

d^e'W'W + c.c. = derivative. (9.45) 



Notice that the lowest component superfield 7 of J/ does not contribute to the 
field equations derived from -Ccs,x- it only contributes to this Lagrangian with a 
derivative. 

Finally, a second method to obtain an interactive Lagrangian for the 
Maxwell-single-tensor system is then obvious. Firstly, a generic N = 2 chiral 
superfield Z can always be written as 

Z = ^ + 2g}/. (9.46) 

It is invariant under the single-tensor gauge variation (|9.42|) if one also postu- 
lates that 

d^ = 2g^, (9.47) 

which amounts to a N = 2 Stiickelberg gauging of the symmetry of the anti- 
symmetric tensor. With this decomposition, F^y and bf^y only appear in the 6a6^ 
component of Z through the gauge-invariant combination - gb^y. The chiral 
integral 

£=^Jd^0 J (f~eT{^V + 2^J/) + c.c. + £sT (9.48) 

provides a N = 2 invariant Lagrangian describing 16g + 16^ (off-shell) interact- 
ing fields. There exists a gauge in which "IV = 0, in which case theory (|9.48|) 
describes a massive chiral N = 2 superfield. 



Theory (|9.48|) is actually related to the Chem-Simons Lagrangian (|9.20[) by 



electric-magnetic duality, as will be shown below. 
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9.5.2 Electric-Magnetic Duality 



The description in chiral N = 2 superspace of the Maxwell multiplet allows 
to derive a A/^ = 2 covariant version of electric-magnetic duality. The Maxwell 
Lagrangian (|9.14|) supplemented by the Chem-Simons coupling (|9.19|) can be 
written 



electric 



+ c.c, 



(9.49) 



adding eqs. (|9.40|) and (|9.44|| . Replace then 'W by an unconstrained chiral su- 
perfield X (with N = I superfields Z, coa and 6) and introduce a new MaxweU 
multiplet (with N = I superfields X and Wa)- Using 



= -- DDD,V2 , 



we have 



ij £e J d^e^wz + c.c. = J (fe [\^x + cbw\ + c.c. 

= -J SeSe [ 



Consider now the Lagrangian 

X = Jd^eJ d^e 



+ c.c. 



(9.50) 



(9.51) 



Invariance under the gauge transformation of the single-tensor superfield, 
eq. (|9.42|) , requires a compensating gauge variation of "W, as in eq. (|9.47|) . Elim- 
inating 'W leads back to theory (|9.49|) with Z = "W. This can be seen in two 
ways. Firstly, the condition 



d^O'WZ + c.c. = derivative 

leads to = "W, a N = 2 Maxwell superfield, up to a background value. Sec- 
ondly, using eqs. (|9.50|) , we see that V2 imposes the Bianchi identity on a> while 
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Vi cancels O up to an imaginary constant|_| We will come back to the (impor- 
tant) role of a nonzero background value in the next section. For the moment 
we disregard it. 

On the other hand, we may prefer to eliminate X, using its field equation 

r'(Z) = -i'v, 'v = 'W + ig:^ , (9.52) 

which corresponds to a Legendre transformation exchanging variables Z and 
•y. Defining 

= TiZ) + i'Vt, (9.53) 

we have 

f'iy) = it, T\Z) = -i'V, f"{'V)T"{Z) = 1. (9.54) 

The dual (Legendre-transformed) theory is then 

Imasnetic = ^/^'^ / ^'^^^(^ + '^S^) + ^-C (9.55) 

or, expressed in A/' = 1 superspacejl^ 

Zrnagnetic = \ ^ (felf" {X + 2gY) {W - ligxf {W - 2igx)a 

-\f'{X + IgY) DD(X + 2gY) - 2ig f'{X + 2gY)Q>\ + c.c. 

(9.56) 

We then conclude that the presence of the Chem-Simons term in the electric 
theory induces a Stiickelberg gauging in the dual magnetic theory. 



As explained in ref . | |1191 , the situation changes when Fayet-Iliopoulos terms 



(|9.41[) are present in the electric theory. In the magnetic theory coupled to the 



single-tensor multiplet, with Lagrangian (|9.56|l , the gauging 6^ = 2g^ forbids 



An unconstrained X would forbid this constant. 
^"^The free, canonically-normalized theory corresponds to Ti'W) - j'W^ and TCV) = j'^^- 
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Fayet-Iliopoulos terms for the magnetic Maxwell superfields Vi and V2. Sponta- 
neous supersymmetry breaking by Fayet-Iliopoulos terms in the electric theory 
finds then a different origin in the magnetic dual. 

For our needs, we only consider the Fayet-Iliopoulos term induced by Vi, 
i.e. we add 

£pj = ^^ J d^evi = -^ij J d^eee^v + c.c. (9.57) 

to JLeiectricr Gq. (|9.49|) . In turn, this amounts to add 



(feeez + c.c. 



to theory (|9.51|| . But, in contrast to expression (|9.57[) , this modification is not 
invariant under the second supersymmetry: according to the first eq. (|9.38|) , its 
6* variation 

V2 r 2 

— — ^1 I d 6rioj + c.c. 

n 

is not a derivative To restore N = 2 supersymmetry, we must deform the 6* 
variation of Wa - 2igXa into 

the second term being the usual, undeformed, variations (|9.13|) and (|9.5|) . Hence, 
the magnetic theory has a goldstino fermion and linear N = 2 supersymmetry 
partially breaks io N = 1, as a consequence of the electric Fayet-Iliopoulos term. 
Concretely, the magnetic theory is now 

= ijd^^j [^{"^ + 2^J^) + {^Ce~ef'{'W + 2^J/)] + c.c. (9.59) 

ijd^^j d^Orl'W + 2g}/) + {^ij d^er'(x + 2gY) + c.c. 

^^It would be a derivative if tOa would be replaced by the Maxwell superfield Wa, as in 
eq. l|937l l. 
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One easily checks that N = 2 supersymmetry holds, using the deformed varia- 
tions (I9381) . 
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Chapter 10 



Nonlinear N = 2 
supersymmetry and the dbi 

Action 



In the previous sections, we have developed various aspects of the coupling 
of a Maxwell multiplet to a single-tensor multiplet in linear N = 2 supersymme- 
try. With these tools, we can now address our main subject: show how a Dirac- 
Bom-Infeld Lagrangian (DBI) coupled to the single-tensor multiplet arises from 
nonlinearization of the second supersymmetry. 

It has been observed that the DBI Lagrangian with nonlinear second super- 
symmetry can be derived by solving a constraint invariant under A/" = 2 su- 
persymmetry imposed on the super-Maxwell theory 11211 122II . We start with a 
summary of this result, following mostly Rocek and Tseytlin |22|, and we then 
generalize the method to incorporate the fields of the single-tensor multiplet. 



The constraint imposed on the TV = 2 Maxwell chiral superfield 'W is [i22i 



^See also Ref. 11201 and very recently Ref . l62l in the context of TV = 1 supersymmetry. 



10.1 The N = 2 Super-Maxwell DBI Theory 





(10.1) 
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It imposes a relation between the super-Maxwell Lagrangian superfield "W^ and 
the Fayet-Iliopoulos 'superfield' OffW, eq. (|9.57|) . The real scale parameter k has 
dimension (energy)"^. In terms of A/" = 1 superfields, the constraint is equivalent 
to 

■2 



= 0, XWa = 0, 

The third equality leads to 

X = 



1 



1 



WW - -XDDX = -X. 
2 K 



2WW 



(10.2) 



(10.3) 



^+DDX 

K 

which, since V^^VVysWy = 0, implies the first two conditions. Solving the third 

2 The DBI theory 



constraint amounts to express X as a function of WW E 



is then obtained using as Lagrangian the Fayet-Iliopoulos term (|9.57[) properly 
normalized: 



DBl 



d'ex + c.c = ^ 



1- yj-det(7]^y + 2 yflKF^,) 



+ 



(10.4) 



The constraints (|10.1|) and (|10.2|) are not invariant under the second linear su- 
persymmetry, with variations 5* . However, one easily verifies that the three 
constraints (|10.2|) are invariant under the deformed, nonlinear variation 



deformed 



^?7« + -riaDDX + i{o^r])a df,X 



(10.5) 



with 6*X unchanged. The deformation preserves the N = 2 supersymmetry 
algebra. It indicates that the gaugino spinor in Wa = -iA^ + . ■ ■ transforms inho- 
mogeneously, 6*Aa, = --^ ria + . . ., like a goldstino for the breaking of the second 
supersymmetry. In other words, at the level of the N = 2 chiral superfield "W, 



1 



deformed 



nV = — eT] + i{T]Q + TiQ]^V = i{riQ + JiQ]\^V-—ee\. 



1 



The deformed second supersymmetry variations 6[ 



deformed 



2k 



act on "IV as the usual 



variations 5* act on the shifted superfield - yJ^O. In fact, this superfield trans- 
forms like a chiral N = 2 superfield (|9.37[) with Z = X, Wa verifying the 



^See Appendix IE 
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Bianchi identity and with O^; = -z/zc. The latter background value of O^; may be 
viewed as the source of the partial breaking of linear supersymmetry. 



Hence, the scale parameter k introduced in the nonlinear constraint (|10.1|) 



appears as the scale parameter of the DBI Lagrangian and also as the order 



parameter of partial supersymmetry breaking. The Fayet-Iliopoulos term (|10.4|) 
has in principle an arbitrary coefficient -^i/4, as in eq. (|9.17|) . We have chosen 
^1 = -K~^ to canonically normalize gauge kinetic terms. 

The DBI Lagrangian is invariant under electric-magnetic duality!^ In our N = 
2 case, the invariance is easily established in the language oi N = 2 superspace. 
We first include the constraint as a field equation of the Lagrangian: 



0e<w + -K\^v - —ee\ 

4k 4 \ 2k I 



+ C.C. (10.6) 



The field equation of the N = 2 superfield A enforces (|10.1|) . We then intro- 
duce two unconstrained N = 2 chiral superfields U and T and the modified 
Lagrangian 



£dbi = \(te \ (fe 



4k 4 2 \ 2k 



+ c.c. 



Since the Lagrange multiplier T imposes U = 'W - ^09, the equivalence with 
(|10.6|) is manifest. But we may also eliminate 'W which only appears linearly in 



the last version of the theory. The result is 

r = -i^v-^-iy--ii^~e~e 

where "IV is a Maxwell N = 2 superfield dual to and ^ an arbitrary real 
constant. As in subsection 19.5. 2[ N = 2 supersymmetry of the theory with a 
Fayet-Iliopoulos term requires a nonlinear deformation of the 5* variation of 



^For instance, in the context of D3-branes of IIB superstrings, see Ref. | 121| . Our procedure 
is inspired by Ref. 123. 
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nV: - i - ee should be a 'good' N = 2 chiral superfield. Replacing T in 
the Lagrangian and taking ^ = leads to 



(fe 



Finally, eliminating U gives the magnetic dual 



1 T / 






-AC/2 + -U 


^v-—ee 


+ —^vee 


4 2 


2k _ 


4k 



+ c.c. 



+ c.c. 



(10.7) 



One easily verifies that the resulting theory has the same expression as the initial 
'electric' theory (|10.4[) . The Lagrange multiplier A"' imposes constraint (|10.1[) to 
-("W, which reduces to eq. (|10.3|) applied to -iX. The Lagrangian is then given 
by the Fayet-Iliopoulos term for this superfield. 



10.2 Coupling the DBI Theory to a Single-Tensor Multiplet: 
a Super-Higgs Mechanism without Gravity 

The N = 2 super-Maxwell DBI theory is given by a Fayet-Iliopoulos term for 
a Maxwell superfield submitted to the quadratic constraint (|10.1[) , which also 
provides the source of partial supersymmetry breaking. The second supersym- 
metry is deformed by the constraint: it is 'W- j^ee which transforms as a regular 



N = 2 chiral superfield. Instead of expression (|9.44[) , we are thus led to consider 
the following Chem-Simons interaction with the single-tensor multiplet: 

-Ccsjef. = ig f d^e f J2§j/(nv - i.ee) + c.c. 

(10.8) 

= g I d^e [^OX +x"Wa - j-j] + c.c. + derivative. 

The new term induced by the deformation of 6* Wa is proportional to the four- 
form field described by the chiral superfield Y, as explained in section 19.41 [see 
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eq. (|9.33|) ]. This modified Chern-Simons interaction, invariant under the de- 
formed second supersymmetry variations, may be simply added to the Maxwell 
DBI theory (|10.6|) . We then consider the Lagrangian 

Ldbi = /^'^ / - ~ \^^^~^^ + |nV - + c.c, 

(10.9) 

for the constrained Maxwell and single-tensor multiplets, keeping the Fayet- 
Iliopoulos coefficient ^\ arbitrary For a coherent theory with a propagating 
single-tensor multiplet, a kinetic Lagrangian Lsj [eq. (|9.7|l 1 should also be 
added. Since 



-l-c.c. 



-l-c.c.-l-deriv., 



we see that the Fayet-Iliopoulos term is equivalent to a constant real shift of O 
which, according to variations (|9.5|) , partially breaks supersymmetry. We will 
choose to expand O around (O) = and keep 0. 



Again, the constraint (|10.1|) imposed by the Lagrange multiplier A can be 
solved to express X as a function of WW: X = X{WW). The result is H2T| 

(10.10) 



X(WW) = kWW - k'DD 



WWWW 



where A and B are defined in Appendix |Bl The DBI Lagrangian coupled to the 
single-tensor multiplet reads then 



DBI 



1 is 1 

- (2^0 - ^,)X{WW) + gx'^'^a - ^^1 + c-c. + LsT. (10.11) 



J, 



The bosonic Lagrangian depends on a single auxiliary fielqft d2 in Wa or Y^. 
Ldbims. = i(2g Re O - ^i) |l - ^-8^2 j2 _ + 2 V2^F^v)j - f CJ2 



^6*^ I 4 iiii 'J'^ py^ per per ^ 2Ak l^'^P'^ I ■^ST,bos.- 



(10.12) 



^ Since X(WW)|fl=o is a function of fermion bilinears, the auxiliary /o does not contribute to 
the bosonic Lagrangian andxa does not include any auxiliary field. 
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The real scalar field C is the lowest component of the linear superfield L. Con- 
trary to (O), its background value is allowed hy N = 2 supersymmetry. How- 
ever, a non-zero (C) would induce a non-zero ( J2) which would spontaneously 
break the residual N = \ linear supersymmetry This is visible in the bosonic 
action which, after elimination of 



gC \ - det(77/,^ + 2 V2/C 

F ^v) /-in -ION 



becomes 

Zdbims. = ^(2g Re 0-^1) 



(10.14) 

First of all, as expected, the theory includes a DBI Lagrangian for the Maxwell 
field strength F^y, with scale ~ k. With the Chem-Simons coupling to the single- 
tensor multiplet, the DBI term acquires a field-dependent coefficient, 

- ^j{2gKt^-^,f + 2g^C^ ^-det(77^, + 2V2^F^,). (10.15) 

It also includes aF AF term which respects the axionic shift symmetry of Im O, a 
b A F coupling induced by (linear) N = 2 supersymmetry and a 'topological' C4 
term induced by the nonlinear deformation. These terms are strongly reminis- 
cent of those found when coupling a D-brane Lagrangian to IIB supergravity. 
The contribution of the four-form can be eliminated by a gauge choice of the 
single-tensor symmetry (|9.34|) . We have however insisted on keeping off-shell 
(deformed) N = 2 supersymmetry, hence the presence of this term. 

The theory also includes a semi-positive scalar potential^ 

2g Re 0-^1 



VCCReO) 



(2^ReO-^i)2 



(10.16) 



^We only consider 2g Re O-^i > 0, in order to have well-defined positive gauge kinetic terms. 
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.a 



which vanishes only if C is zeroO The scalar potential determines then (C) = 
but leaves Re O arbitrary. Since 

the vacuum line (C) = is compatible with linear N = I and deformed second 
supersymmetry While O is clearly massless, C has a mass term 

--MlC^ = 

2 ^ 4)^(2 Re O-^i) 

The same mass is acquired by the U(l) gauge field coupled to the antisymmetric 

tensor bf^y, and by the goldstino (the U(l) gaugino in Wa) that forms a Dirac 

spinor with the fermion of the linear multiplet;^'^. In other words, the Chem- 

Simons coupling xW pairs the Maxwell goldstino with the linear multiplet to 

form a massive vector, while the chiral multiplet O remains massless with no 

superpotential. 

At (C) = (Re O) = 0, gauge kinetic terms are canonically normalized if = 
-/<• ^ The Maxwell DBI theory (|10.4[) is of course recovered when the Chem- 



Simons interaction decouples with ^ = 0. Notice finally that the kinetic terms 
JLsT oi the single-tensor multiplet are given by eq. (|9.7[) , as with linear N = 2 
supersymmetry Since the nonlinear deformation of the second supersymmetry 
does not affect 6*L or 5*Q> even if (Re O) 0, the function IH remains completely 
arbitrary. 

The phenomenon described above provides a first instance of a super-Higgs 
mechanism without gravity: the nonlinear goldstino multiplet is 'absorbed' by 
the linear multiplet to form a massive vector N = I superfield. One may won- 
der how this can happen without gravity; normally one expects that the gold- 



^With respect to Re O, the potential is stationary, ^fj^ — 0, only if C = 0. All local minima are 
then characterized by C = and Re <1> arbitrary and are then (supersymmetric) global minima. 
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stino can be absorbed only by the gravitino in local supersymmetry. The reason 
of this novel mechanism is that the goldsttno sits in the same multiplet of the 
linear supersymmetry as a gauge field which has a Chern-Simons interaction 
with the tensor multiplet. This will become clearer in Section |10.6[ where we 
will show by a change of variables that this coupling is equivalent to an ordi- 
nary gauge interaction with a charged hypermultiplet, providing non derivative 
gauge couplings to the goldstino. Actually, this particular super-Higgs mecha- 
nism is an explicit realization of a phenomenon known in string theory where 
the f/(l) field of the D-brane world-volume becomes in general massive due to 
a Chern-Simons interaction with the R-R antisymmetric tensor of a bulk hyper- 
multipletE 

We have chosen a description in terms of the single-tensor multiplet because 
it admits an off-shell formulation well adapted to our problem. Our DBI La- 
grangian (|10.9|) , supplemented with kinetic terms JLsTr admits however several 



duality transformations. Firstly, since it only depends on "IV, we may perform 
an electric-magnetic duality transformation, as described in section [10.41 Then, 
for any choice of JlsTr we can transform the linear N = I superfield L into a 
chiral O'. The resulting theory is a hypermultiplet formulation with superfields 
(O, O') and A/" = 2 supersymmetry realized only on-shell. As already explained 
in section |9.3[ the b /\ F interaction is replaced by a Stiickelberg gauging of the 
axionic shift symmetry of the new chiral O': the Kahler potential of the hyper- 
multiplet formulation is a function of O' -i- O - gV2- Explicit formulae are given 
in the next section and in section [10. 61 we will use this mechanism in the case of 
nonlinear N = 2 QED. Finally, if kinetic terms JLst also respect the shift symme- 
try of Im O, the chiral O can be turned into a second linear superfield U , leading 



''This can be avoided in the orientifold case: the N - 2 bulk supermultiplets are truncated by 
the orientifold projection. 
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to two formulations which are also briefly described below. 



10.3 Hypermultiplet, Double-Tensor and Single-Tensor Dual 
Formulations 

As already mentioned, using the single-tensor multiplet is justified by the exis- 
tence of an off-shell N = 2 formulation. The hypermultiplet formulation, with 
two N = I chiral superfields, is however more familiar and the first purpose of 
this subsection is to translate our results into this formalism. In the DBI theory 
HIO.IH) , the linear superfield L only appears in 



-CsT+g^ (fdx"Wa + c.c. = ^ (fOcfe [H(L, O, O) + gLV2] + derivative. 

These contributions are not invariant under 6* variations: the nonlinear defor- 
mation acts on Wa and on V2. Nevertheless, the linear superfield can be trans- 
formed into a new chiral superfield O'. The resulting 'hypermultiplet formula- 
tion' has Lagrangian 

-CDBI,hyper. = W^7C(0' + O - ^72, O, O) 

(10.17) 

+ J d^e [I (2^0 - ^,)X{WW) - fY] + c.c. 
The Kahler potential is given by the Legendre transformation 

TCCO' + o', O, O) = "HiU, O, O) - C/(0' + o'), (10.18) 

where U is the solution of 

—MU, O, O) = O' + O . (10.19) 

oU 

In the single-tensor formulation, N = 2 supersymmetry implies that solves 
Laplace equation. As a result of the Legendre transformation, the determinant 
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of "K is constant and the metric is hyperkahler [19J. It should be noted that the 
Legendre transformation defines the new auxiliary scalar /d,- of O' according to 



Hence, the hypermultiplet formulation has the same number of independent 
auxiliary fields as the single-tensor version: and /o. 

The second supersymmetry variation 6* of O' is also defined by transforma- 
tion (|10.19|) : in the hypermultiplet formulation, N = lis realized on-shell only, 
using the Lagrangian function. The nonlinear deformation of variations 6* acts 



on V2. Since = -{DDD^Vi, eq. dTOSl) indicates that 



6*V2 = -!—{eeeri - eeer]) + V2/ (77D + riD)Vx. 

The Af-dependent term in the 6* variation of the Kahler potential term in 
■Cdbi, hyper, is then the same as the /c-dependent part ingd* J d^6x"Wa + c.c, which 
is compensated by the variation of the four-form field. This can again be shown 
using eqs. (|10.18|l and (|10.19|) . This hypermultiplet formulation will be used in 
Section [l0.6l on the example of nonlinear DBI QED with a charged hypermulti- 
plet. 

For completeness, let us briefly mention two further formulations of the 
same DBI theory, using either a double-tensor, or a dual single-tensor N = 2 
multiplet. These possibilities appear if Lagrangian (|10.11|) has a second shift 
symmetry of Im O. This is the case if the single-tensor kinetic Lagrangian has 
this isometry: 

£sj = J d^ed^O'HiL, O + O). 

We may then transform O into a linear superfield U using an N = I duality 
transformation. Keeping L and turning O into U leads to a double-tensor for- 
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mulation with superfields (L, L'). The Lagrangian has the form 
-Cut = J (fecreg[L,L' -gViiWW)) - J , 



y,X(WW)-gx"W, + ^J 



+ c.c. 
(10.21) 

The function is the Legendre transform of with respect to its second vari- 
able O + O and the real superfield yi(WVF) is defined by the equation 



1- 



X{WW) = -DDViiWW). 



(10.22) 



It includes the DBI gauge kinetic term in its di component and the Lagrangian 
depends on the new tensor b'^^ through the combination 3 d^^b'^^^ - g oj^yp, where 



3 A|^Fvp] is the Maxwell Chem-Simons form. 



Finally, turning O and L into L' and O', leads to another single-tensor theory 



with a Stiickelberg gauging of both O' and L' , as in theory (|9.21[) . In this case, 
the Lagrangian is 



£sT = J d^ed^en-i[^' + o' - gV2, l' - gv^iww)) - J d^e 



+ c.c. 
(10.23) 



While in the double-tensor theory (|10.21|) the second nonlinear supersymmetry 



only holds on shell, it is valid off shell in theory (|10.23|) . The function "K veri- 
fies Laplace equation, as required by A/" = 2 linear supersymmetry^ Using the 
supersymmetric Legendre transformation, one can show that the nonlinear de- 
formation of 6*V2, which affects 6*'J-{, is again balanced by the variation of the 
four-form superfield Y. 
8See eq. 
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10.4 The Magnetic Dual 



To perform electric-magnetic duality on theory (|10.9)) , we first replace it with 

Ldbi = fd^ef d^ig}/(w - l~ee) - \^,m^ 

^ ^ (10.24) 
+iA[/2 _ It ([/ - + j-m)] + c.c. + £sT. 

Both U and Y are unconstrained chiral N = 2 superfields. The Lagrange mul- 
tiplier T imposes U = - ^06, which leads again to theory (|10.9|) . The first 



two terms, which have gauge and A/" = 2 invariance properties related to the 
Maxwell character of 'W are left unchanged. The term quadratic in 'W has been 
turned into a linear one using the Lagrange multiplier. Hence, the Maxwell 
superfield "IV, which contributes to Lagrangian (|10.24|) by 



igy + ^r-^^,~eeyc.c., (10.25) 

can as well be eliminated: T should be such that this contribution is a derivative. 
In terms of A/" = 1 chiral superfields, has components X and Wa and since 



there exists two real superfields Vi and V2 such that X = jDD Vi and Wq. 



-\DDDa V2, we actually need to eliminate V\ and V2 with result 

T = -m - 2ig}/ + ^(^1 + iO 00- (10.26) 

In this expression, is a Maxwell N = 2 superfield, the 'magnetic dual' of the 
eliminated "W. There is a new arbitrary real deformation parameter ^, allowed 
by the field equation of V2. Notice however that ^1 + can be eliminated by 
a constant complex shift of O. Invariance of T under the single-tensor gauge 
variation (|9^ implies that d'W = 2g'W = -2g6}/ and 

Z = ^ + 2g}/ (10.27) 
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is then a gauge-invariant chiral superfield. As already mentioned, any uncon- 
strained chiral N = 2 superfield can be decomposed in this way and our theory 
may as well be considered as a description of the chiral superfields Z, and J/ 
with Lagrangian 

JIdbi = Jd^eJ d^^AU^ + iU(^Z + ^(^1 + iOOO) + ^WiZ - 2g}/)] + c.c. + £st- 

(10.28) 

Invariance under the second supersymmetry implies that Z + + iO^d trans- 
forms as a standard N = 2 chiral superfield and then 

S^efonned Z = K^i + + KnG + iQ)Z. (10.29) 

Eliminating U leads finally to 
Zdbi = Jd^eJ d^~9[-^(Z + '-(ix + iOeei + - 2^J/)] + c.c. + LsT, (10.30) 

which is the electric-magnetic dual of theory (|10.9|) P The Lagrange multiplier 
superfield A"^ implies now the constraint 

= (z + ^(^1 + icm] =z^ + m + ioooz. (10.31) 

Using the expansion (|9.37|) , 

Z(y, e, 6) = Z{y, 0) + V2 ecoiy, 9) - W 



-<^z(y,d) + ^DDZ{y,e) 



with Z = X + 2gY, oja = iWa + 2gXa and O^; = 2gO, this constraint corresponds to 

1 



= 0, Zu)a = 0, -ZDDZ + ojoj = -iZ{Q>z - (^i + iOl 

In this case, and in contrast to the electric case, the constraint leading to the DBI 
theory is due to the scale (O^;) = 2g(0): we will actually choose ^ = 0, absorb 



^It reduces to eq. l |10.7|l if g = 0. 
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into (^z ^rid consider the constraint Z.^ = with a non-zero background value 
{<!>z) breaking the second supersymmetry. Our magnetic theory is then 

with constraints 

= 0, Zoja = 0, ^ZDDZ + ojco = -iZQ>z, (10.33) 

the DBI scale arising from O^; = 4>z i^z)- ^ the Maxwell case, the third 
equation, which also reads 

Z = ■ (10.34) 

^z - ^DDZ 

implies ZtOa = Z^ = and allows to express Z as a function of toco and O, Z = 
Z(toto, O), using (^z = - ^i. The magnetic theory (|10.32|) is then simply 

Zdbi = Im J d^e [Z(tooj, O) - 2gY] + Zst- (10.35) 



It is the electric-magnetic dual of expression (|10.11|) . At this point, it is important 
to recall that oo and O are actually N = I superfields components of = 'W + 
2gJ/, i.e. 

COa = iWa + 2gXa. (10.36) 
The kinetic terms for the single-tensor multiplet (L, O), L = Dx-Dx, are included 
in Xsr while Z(a»a), O) includes the DBI kinetic terms for the Maxwell N = I 
superfield Wa- As in the electric case, the magnetic theory has a contribution 
proportional to the four-form field included in Y. 



The third constraint (|10.33|) is certainly invariant under the variations (|9.38|) , 



using ZcOa = 0. But with a non-zero background value O = + (O), the spinor 
tOa transforms nonlinearly, like a goldstinoH^ 

6*cu„ = -^<0) 77„ --^(f>r],- 4?77„ DDZ - yf2i{o^li)„d,Z. (10.37) 
V2 V2 4 



i^See eq. lfTa29ll . 
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10.4.1 The Bosonic Lagrangian 

The bosonic Lagrangian included in the magnetic theory (|10.35|) is 

Zdbims. = ^ - l^j-l^zl' det [77,, - 2 V2 \^z\-\F,, - gb,.)] 

-8JV(|OzP + 2^2c2) + 2g2c2|o^|2 

_ _ \ 1/2 

[^"""'iF.r - g WvWp<r - g bp.) - AgCd2] 



It depends on a single auxiliary field, the Maxwell real scalar d2, with field equa- 
tion 



2(10^12 + 2^2C2) 

(10.39) 

/ — ucii //.,„ -I ^=1 J' ,,„ — i; u,,„ 1 1 



Eliminating ^2 and using O^; = 2^0 - ^1 to reintroduce the superfield O of the 
single-tensor multiplet and the 'original' Fayet-Iliopoulos term ^1, we finally 
obtain the magnetic, bosonic Lagrangian 

lDBi,bos. = R^J^ V(2g Re O - + 2g2C2 



X 



e Im O ~ ~ 



(10.40) 



4<2^2c2 + |2^cD-fiP) 
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As in the electric case, the DBI term has a field-dependent coefficient, 

(10.41) 

and, as expected, the scalar potentials of the magnetic and electric [eq. (|10.16|) 1 
theories are identical. 



Define the complex dimensionless field 

S = K V(2gReO- ^1)2 + 2^2^2 + 2iKg Im O, (10.42) 



for which k |2 = |2^0 - ^i|2 + 2g^C^. In terms of 5, the magnetic theory (|10.40|) 
rewrites as 

■LDBibos. = ^^^^^ — ii - J_ Re 1 ^- det(|5 l/y^v - 2 ^K{F^y - gb^^y)) 



Sk 8y^2 5 

1 1 



+- Im - ^""''(F^y - gb,y)(Fp^ - gbp^) + ^e'^'P'^C^yp^ + £stms. 



= ^gR^^ ^1 -Tl^^^ ^-det(?7^,-2V2^|5|-HF^v-gV)) 



1 1 



+- Im - e'^'P'^iF^y - gb,y)(Fp^ - gbp^) + ^e^'^'^C.^p^ + Lstms.- 



(10.43) 

This is to be compared with the electric theory (|10.14|) : 

2^ReO-^i 1 I ;= 

JLdbi, bos. = ^ 8^ > ~ det(?7^y - 2 ylK F^y) 

+i Im5 e^^'f'^F^yFp^ - ^e'^^P^b^yF^^ + -^^e^^P^C^y^^ + Z^tms.- 

(10.44) 

Hence, the duality from the electric to the magnetic theory corresponds to the 
transformations 

b^y 0, F^y Ff,y-gbi,y, S ^ S ~\ ^ ^ l-^l^' (10.45) 

which can be also derived from electric-magnetic duality applied on the bosonic 
DBI theory only. 
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10.5 Double-Tensor Formulation and Connection with the 
String Fields 

In IIB superstrings compactified to four dimensions with eight residual super- 
charges, the dilaton belongs to a double-tensor supermultiplet. This representa- 
tion oi N = 2 supersymmetry includes two Majorana spinors, two antisymmet- 
ric tensors B^y (NS-NS) and C^y (R-R) with gauge symmetries 

^gauge B^v = 2 dipAy], ^'gauge Cfiv = 2 5|^A^] (10.46) 

and two (real) scalar fields, the NS-NS dilaton and the R-R scalar, for a total of 
+ 4f physical states. In principle, both antisymmetric tensors can be dualized 
to pseudoscalar fields with axionic shift symmetry, in a version of the effective 
field theory where the dilaton belongs to a hypermultiplet with four scalars 
in a quatemion-Kahler manifold possessing three perturbative shift isometries, 
since the R-R scalar has its own shift symmetry. It is easy to see that only two 
shift isometries, related to the two antisymmetric tensors, commute, while all 
three together form the Heisenberg algebra. Indeed, in the double-tensor basis, 
the R-R field strength is modified [|122[ due to its anomalous Bianchi identity 
to 3 5[iC^y] - 3 C'-^^diABftv]- Thus, a shift of the R-R scalar C*^"^ by a constant A 
is accompanied by an appropriate transformation of C^y to leave its modified 
field-strength invariant: 

6hC^'^ = A, dnC^y = AB,y. (10.47) 

It follows that Sgaiige, S'g^uge ^^1^ Verify the Heisenberg algebra, with a single 
non-vanishing commutator 

gauge, Sh] = 8[^uge ■ (10.48) 
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More details about the Heisenberg algebra in local and global supersymme- 
try are given in chapter [TT] where we obtain the global supersymmetry limit of 
the universal hypermultiplet. Our aim is to use the Heisenberg algebra in order 
to establish the connection between the general formalism developed so far and 
string theory. This formalism would then describe the coupling of a D-brane 
with bulk fields in the limit of global supersymmetry. 

To this end, we transform the N = 2 double-tensor into a single-tensor rep- 
resentation by dualizing one of its two N = I linear multiplet components L' , 
containing the R-R fields C^y and C^^\ into a chiral basis O -i- O. In this basis, the 
two R-R isometries correspond to constant complex shifts of the N = I super- 
field O. Imposing this symmetry to the kinetic function of eqs. (|9.7|) - (|9.8|) , one 
obtains (up to total derivatives, after superspace integration): 

"KCL, O, O) = a(-^L^ + + W) + fi(-L^ + + ^^^) ' (10.49) 

where a and /3 are constants. Note that the second term proportional to /3 can be 
obtained from the first by shifting L + /3/a. For or = however, it corresponds 
to the free case of quadratic kinetic terms for all fields of the single-tensor mul- 
tiplet. The coupling to the Maxwell goldstino multiplet is easily obtained using 
eqs. (I10.12D , (I10.22D and (19.181) . Up to total derivatives, the action is: 



(10.50) 

-g(Q> + ^WiiWW)] +gjd^e [x'^W, -j-Y- l-X(WW)] + c.c. 
In general, the four-form field is not inert under the variation 6h of eq. (|1 0.47)1 



| |123| . In our single-tensor formalism, 6hL = and = c where c is complex 
when combined with the axionic shift S^^uge dual to C^y of eq. (|10.46)) ; in 

addition 

6hY = -icKX(WW). (10.51) 
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With this variation, the Lagrangian, including the Chem-Simons interaction, is 
invariant under the Heisenberg symmetry. 

We can now dualize back O + O to a second linear multiplet L' by first replac- 
ing it with a real superfield U : 

£= J £ed^e[a(-\L^ + \LU^)+p[-L^ + \U^) - U{mL' + gV{)] 

+g J d^e[rw,-j-Y-^^x] + c.c., 

where the constant m corresponds to a rescaling of L'. Solving for U, 

mU + gVi 



(10.52) 



U = 



aL+/3 ' 



(10.53) 



delivers the double-tensor Lagrangian 

i.-..- i^^l ../.M."-. - 



+ c.c, 
(10.54) 



where as before Vi = Vi(WW) and X = X(WW) = ^DDV^WW). It is invari- 



ant under variation (|10.51|) of the four-form superfield combined with 6hL' = 
lc{aL + P)lm. 



After elimination of the Maxwell auxiliary field (choosing m = ^Jl) 

gC 



d2,hos. — it- 
Ik 



det(?7^v + 2V2/cF^v) 



the component expansion of the bosonic Lagrangian is 
£ho,, = iaC+/3) 



(10.55) 



+ 



4 ^iiv^ pa- ^ 2Ak ^M'^pcr ■ 



(10.56) 
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in terms of the Maxwell Chem-Simons form coypcr = 3 A[yF^ 



This is the explicit expression of the interacting action (|10.21|) and the ki- 
netic part for the double-tensor multiplet. It describes the global supersymme- 
try limit of the effective four dimensional action of a D-brane coupled to the 
universal dilaton hypermultiplet of the perturbative type II string. The precise 
identification of the fields will be done in section 111.31 in the dual single-tensor 
basis but we can already see the similarities here: As mentioned previously, its 
general form in the local case depends also on two constant parameters, upon 
imposing the perturbative Heisenberg isometries, that correspond to the tree 
and one-loop contributions l|29l . We expect that these two parameters are re- 
lated to a and fS of our action. Moreover, by identifying the two antisymmetric 
tensors b^^y and b'^^ with the respective NS-NS B^y and R-R C^v and the combi- 
nation C /(aC + P) with the R-R scalar C^°\ as the Heisenberg transformations 
indicate, one finds that the two actions match up to normalization factors de- 
pending on the NS-NS dilaton that should correspond to the scalar C. 



10.6 Nonlinear N = 2 QED 

We will now show that the effective theory presented above describing a super- 
Higgs phenomenon of partial (global) supersymmetry breaking can be identi- 
fied with the Higgs phase of nonlinear N = 2 QED, up to an appropriate choice 
of the single-tensor multiplet kinetic terms. We will then analyze its vacuum 
structure in the generally allowed parameter space. 

In linear N = 2 quantum electrodynamics (QED), the Lagrangian couples 
a hypermultiplet with two chiral superfields (2 1,^2) to the vector multiplet 
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(Vi,V2) or (X,Wa). The U(l) gauge transformations of the hypermultiplet are 
linear, and Qi and Q2 have opposite U(l) charges: 

£qed = J d'ecf-e [Q.Qie''' + ^222^'"^^] + J d^e -^XQ,Q2 + ex. + Xm«.v. + AX, 

(10.57) 

where Xmoa^. includes (canonical) gauge kinetic terms and AX contains three pa- 
rameters: 

A£ = mJ d^eQiQ2 +C.C. + J d^Od^O [^iVi +6^2]- (10.58) 

The hypermultiplet mass term with coefficient m can be eliminated by a shift 
of X and ^1,2 are the two Fayet-Iliopoulos coefficients. Since ^1 J d^Od^OVi = 
-\ j d^O^iX + c.c, the complete superpotential w is 

w = \-^X + m] QxQ2--AvX. 



V2 / 4- 

There are six real auxiliary fields, fq^, /q,, d\ and d2 but only four are actually 
independentllll Q\f = Qif Since the metric is canonical, det^,^ = 1 and 
trivially hyperkahler. If ^1 = ^2 = 0, the gauge symmetry is not broken and the 
hypermultiplet mass m + i{X)l V2 is arbitrary. Any nonzero ^1 or ^2 induces t/(l) 
symmetry breaking with all fields having the same mass. In any case, N = 2 
supersymmetry remains unbroken at the global minimum. 

In order to first bring the theory to a form allowing dualization to our single- 
tensor formulation, we use the holomorphic field redeftnitiorj^ 

Qi=a VOe*^', Q2 = ia ^e'^' , 

(10.59) 

QiQ2 = ia^^, Qi/Q2 = -ie^''', 



We use the same notation for a chiral superfield Qi, Q2, . . . and for its lowest complex 
scalar component field. 



12' 



This field redefinition has constant Jacobian. 
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with = 1/ V2. The QED Lagrangian becomes 

£qED = i r ^'^^'^ V0^[^.*'-^'-^^ + e-'^'-^'-^^] + £Ma.. 

(10.60) 

+ j d^e [-^0(Z - ^^2im) - ^iX] + c.c. + ^2 ( dWeV2. 

While the gauge transformation of O' is 5(;(i)0' = A^, O is gauge invariant. Since 
the Kahler potential is now a function of O' + O , with a Stiickelberg gauging of 
the axionic shift of O', the chiral O' can be dualized to a linear L using a A'^ = 1 
Legendre transformation. The result is 



Max. 



£qed = J d^ed^e I V2OO + L2 - L In ( V2OO + + 

-J d^e [^xo + y'Wa - ^mo + y^x] + c.c. + ^2 J d^ed^evj. 

(10.61) 

The dual single-tensor QED theory has off-shell N = 2 invariance (the Laplace 
equation (|9.7[) is verified) and the two multiplets are now coupled by a A/" = 2 



Chern-Simons interaction (|9.19|) . Notice that the free quadratic kinetic terms of 
the charged hypermultiplet lead to a highly non-trivial kinetic function in the 
single-tensor representation. Moreover, there are only four auxiliary fields, f^, 
di and dj- The Legendre transformation defines the scalar field C in L as 

-^={yl2(m + C^ + c], g-2ReO' ^ / ^200 + C2 - c) 

J7(b(b \ I a/? (BO) \ / 



^2 Re U)' 



(10.62) 



and eqs. (|10.59|) relate then C and O with Qi and Q2: 

C = \Qi\'-\Q2\\ Q> = -^iQiQ2. (10.63) 

According to eq. (|10.11|) , the nonlinear DBI version oi N = 2 QED is obtained 
by replacing in Lagrangian (|10.61|) X by X{WW), which includes DBI gauge ki- 



netic terms, by omitting JLmax. which is removed by the third constraint (|10.2|) 
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(10.64) 



and by adding the four-form term ^ J*^^^ Y + c.c: 

£qed,dbi = J dWe [ V2OO + L2 - L In ( V2OO + + l) + ^2 V2] 

- J [(iO + i^i)x(W) - ^mO - j-j] + c.c. 

Notice that two additional terms appear compared to the action studied in Sec- 
tion [lOl a Fayet-Iliopoulos term proportional to ^2 and a term linear in O which 
is also invariant under the second (nonlinear) supersymmetry (|9.4|) ; they gen- 
erate, together with ^1 the general parameter space of nonlinear QED coupled 
to a charged hypermultiplet. Without loss of generality, we choose m to be real, 
while the choice ^1 = -l/zc would canonically normalize gauge kinetic terms for 
a background where O vanishes. We may return to chiral superfields (O, O') or 
(Gi, Q2) to write the DBI theory afc 

£qed = J dWe [eiGie^^ + G2G2e-^^ + ^2^2] 

+ J d^e [{f^QiQi - \^i)X{WW) + mQ,Q2 + j-j] + c.c. 
Since X(iyVF)|e=o only depends on fermion fields, the auxiliary fields fi and /2 
only contribute to the bosonic Lagrangian by a hypermultiplet mass term 

(l/iP + l/2l\^^^ =m2(l2i|2 + |22p) 

to be added to the scalar potential obtained from eq. (|10.16|) with the substitu- 
tions 

2gReO-^i ^ 2V2Im(2i22)-6, gC ^ C + ^2 = ^2 + IQil^ - IQil^ 

(since we have chosen ^ = 1). The complete potential is there 

Vqed,dbi = ^(2V2Im(<2ie2)-^i) 



(10.65) 



+m'(m' + \Q2\') 



,^ , 2[^2 + l6lP-|62PP ^ 



[2V2Im(ei22)-^iP 



(10.66) 



i^See eq. ifTOTTt . 

^^The auxiliary d2 is given in eq. I|10.13|l . 



160 



The analysis is then very simple. The first line vanishes only for 

(6 + 121 P - ie2p) = 0, (2 V2Im(<2ie2) - ^i) > 0. (10.67) 

The first condition is the usual D-term equation {dj) = for the Maxwell su- 
perfield. The second condition is necessary to have a well-defined DBI gauge 
kinetic term at the minimum. Hence, if m = 0, conditions (|10.67|) , which can 
always be solved, define the vacuum of the theory. Choosing (Qi) = v and 
(Qi) = ^jv^ + ^2/ with V real (and arbitrary), we find a massive vector boson 
which, along with a real scalar and the two Majorana fermions 

makes a massive N = I vector multiplet of mass a/v^ + ^2/2. Hence the poten- 
tially massless gaugino A, with its goldstino-like second supersymmetry vari- 
ation 6*Aa = ~~^/la + ■ ■ ; has been absorbed in the massive U{\) gauge boson 
multiplet. This is possible only because the second supersymmetry transforma- 
tion of the four-form field compensates the gaugino nonlinear variation. The 
fermion 



is massless and corresponds to the fermion of the chiral superfield O in the 
single-tensor formalism, in agreement with our analysis in Section [10.21 [see be- 
low eq. (|10.16|) 1. With two real scalars, it belongs to a massless N = \ chiral 



multiplet. 

li m Q, di supersymmetric vacuum has {Q\) = {Q2) = 0. It only exists if 
^2 = and ^1 0. The second condition is again to have DBI gauge kinetic 
terms on this vacuum. In this case, the U{1) gauge symmetry is not broken, the 
goldstino vector multiplet remains massless and the hypermultiplet has mass 
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m. li m Q, a nonzero Fayet-Iliopoulos coefficient ^2 breaks then N = I linear 
supersymmetry. Note that the single-tensor formalism is appropriate for the de- 
scription of the Higgs phase of nonlinear QED in a manifest N = I superfield 
basis (with respect to the linear supersymmetry), while the charged hypermul- 
tiplet representation is obviously convenient for describing the Coulomb phase. 



One can finally expand the action (|10.65|) in powers of k in order to find the 



lowest dimensional operators that couple the goldsttno multiplet of partial su- 
persymmetry breaking to the N = 2 hypermultiplet. Besides the dimension-four 
operators corresponding to the gauge factors e-^^, one obtains a dimension-six 
superpotential interaction ~ kQiQjW^ coming from the solution of the nonlin- 
ear constraint X = kW^ + 0{k^); it amounts to a field-dependent correction to the 
[/(I) gauge coupling. 
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Chapter 11 



The Universal Hypermultiplet 
IN Local and Global 

SUPERSYMMETRY 



11.1 On the Heisenberg Algebra and Global Supersymmetry 

In the context of IIB superstrings, the Heisenberg algebra is generated by a com- 
bination of the gauge symmetries of the two antisymmetric tensors B^y (NS-NS) 
and C^v (R-R) and of the shift symmetry of the R-R scalar Cq: 

dB/^y = 25|juAy], 6C^y = 25|^Ay] + AB f,y , SCq = A. (11.1) 

As a consequence, the theory depends on the invariant three-forms 

Hi^vp = 3d[^Byp], Fjjyp = 3dijjCyp] - CoHfjyp (11.2) 

and on 5^Co. The Heisenberg algebra follows from 

[duSi] C^y = 25|ju/l2Aiv] -2d[j^AiA2y]. (11.3) 

After reduction to four dimensions, the gauge symmetries imply that each ten- 
sor can be dualized into a scalar field with axionic shift S5nnmetry. The third 
global symmetry (with parameter A) combines then with the axionic shifts to 
realize again the Heisenberg algebra on three scalar fields. 
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Indeed, one obtains three scalar fields ip, r and 77 = Co, with Heisenberg 
variations 

6tj = cx, S<p = cy, 6t = cz- cx(p . (11.4) 

The scalars (p and r are Poincare dual to C^y and 5^y, respectively. The duality 
relations are, schematically. 

The algebra is [X, F] ~ Z, with Y and Z generating the axionic shifts (with pa- 
rameters Cy and cz), while X generates the shift of the R-R scalar (with parameter 
Cx). Notice that the central charge of the algebra is (depending on the represen- 
tation) the gauge symmetry of the R-R tensor and the axionic symmetry of t, 
dual to the NS-NS tensor. 

The Heisenberg algebra is extended by a fourth perturbative generator M 
that rotates X, Y and commutes also with the central charge Z: 

5m?7 = CM(p , Sm<P = -cmV , Smt = ^(rf - (f^). (11.5) 

Equivalently, M rotates the phase of the complex R-R scalar 77 + i(p. As a result, 
the perturbative symmetry becomes the two-dimensional Euclidean group E2 
with central extension Z. 

11.1.1 Lagrangians 

Consider a N = I globally supersymmetric theory with two superfields, a 
chiral O and a real linear L. It contains three real scalars, Re^ = Re 01^=0/ 
Im ^ = Im <D|0=o/ and C = L\e=Q, and L also depends on the curl of an antisym- 
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metric tensor H^yp = 3 d[^Bypy The Lagrangian (up to two derivatives) is 

£ = J^jW^7Y(l,«d,o) + ^(fewm + ^(fewm. (11.6) 

Besides the gauge invariance of which does not act on the superfields, we 
also impose a two-parameter global symmetry acting on O with variations 

= a - ip. (11.7) 

In this formulation, all three symmetries trivially commute. Nevertheless, in 
the version where B^y is dualized to a scalar, or in the version where Im (p (for in- 
stance) is transformed into a second antisymmetric tensor, the three-parameter 
symmetry realizes a Heisenberg algebra acting either on three scalars according 
to eq. (|11.4|) , as in the hypermultiplet formulation of IIB strings compactified to 
four dimensions, or on two tensors and one scalar according to eqs. (|ll.l|l and 
(|11.3|) . The Lagrangian compatible with the required symmetry (|11.7[) has 



-HCL, O, O) = T{L) + [AL + 5]00, W(<D) = m, (11.8) 

with an arbitrary function T{L) and real constants A and The constant k 
generates a C-dependent potential V = \k\^/(AC + B) which does not admit a 
vacuum if A ^ 0. We take then k = Q. 

The superfields O and L provide an off-shell representation of the N = 2 
single-tensor multiplet. On the N = I Lagrangian, the condition for a second 
supersymmetry is l|T9ll 

-^ + 2—^=0, (11.9) 

which in turn indicates that 

TN=2iL) = -^L' -BL\ (11.10) 



^Of course, B can be eliminated by a constant shift of L. 
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The same theory is given by 

TN^iiL) = (AL + B)\ (11.11) 

Hence, the N = 2 theory compatible with complex shift symmetry of O is the 
sum 

£n=2 = J d^Ocfe A |-^L^ + LOoj + B{-L^ + OO) (11.12) 

of a trilinear interacting term and of a free term where the symmetry is trivial. 
If canonical dimensions are assigned to L and O, A has dimension (mass)"^ and 
B is dimensionless. 

Fur further use, we need the bosonic component expansion of this superfield 
theory. Using (|8.14|) and the expansion of O 

o(x, e, 6) = (p{x) - ieo^ed^(p - eef - ^eeeencp, 

we obtairP 

JIn^ims. = (AC + B)[^(d,Cf + (d,cf>)(d'^^) + j^H'^^PH^yp] 

(11.13) 



Since, di^Hypa-] = 0, the variation (|11.7|) of (p induces a total derivative. Kinetic 



terms are positive if AC + B > 0. li A 0, B can be eliminated by shifting C. 
The (shifted) field C will be assumed strictly positive and the two options are an 
interacting, cubic theory with A > and 5 = 0, or the free theory A = 0, 5 > 0. 



We may then perform two supersymmetric duality transformations |114| on 



theory (|11.8|) , either turning the linear L into a chiral S or turning the chiral O 



into a second linear multiplet L' . The first transformation leads to 

£ = J (fecfe [r(J/) + 500] , (11.14) 



^The auxiliary field / vanishes. 
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J. 



where !F(J/) is the Legendre transform of T{L) and the variable idj J/ = S + 5 + 
AOO. Invariance of J/ under shift symmetries (|11.7|) requires a compensating 
variation of S : 

6hS = {a6x + /36y + y5z)S = -A(a + ip)^ + liy, (11.15) 

where the axionic shift symmetry of Im S is dual to the gauge symmetry of 5py, 
and the subscripts X, Y, Z make clear the correspondence with the transforma- 
tions (|11.4|) . Indeed, since 



5h]S = -A(a' + ip')5H^ + A{a + 1^)6'^^ = 2iA{a'/3 - a/3'), [6h, (5^]0 = 0, 

(11.16) 

the chiral theory has Heisenberg symmetry. Moreover, the theory (|11.14[) has 
another symmetry M rotating the chiral superfield O, as already mentioned in 
the Introduction (see eq. (|11.5|) ). 



For the N = 2 single-tensor theory (|11.12[) , the dual hypermultiplet theory^ 



IS 



£n=2 = J d'^ed^e'Ki}/) = (fed^e (aj/ + B^f^ . (ii.iz) 

Eliminating some derivatives, the limiting case A = is a free theory. As re- 
quired for a hyper-Kahler sigma-model, the determinant of the Kahler metric is 
constant (and positive). 

A useful change of variable is 

5=5-^02, j/ = 5 + J+^(o + 0)l (11.18) 



and transformation (|11.15|) becomes 6hS = -2Aq'0 + liy. With these variables. 



the transformations with parameters JS and y only act as shift symmetries of 



^Notice that / d^0d^0<S>(^ = i / d^Od^O^ + derivative. 
*With positive Kahler metric. 



167 



Im O and Im S respectively. In terms of variables J/, Im 5 , Re O and Im O, one im- 
mediately deduces that the most general Heisenberg-invariant supersymmetric 
theory is of the form (|11.14|) . 



Performing the second duality transformation of the chiral O into a linear L', 
always leads to the dual theory 



(fe(fe 



' 1 L'^ 

TiL) - -- 



(11.19) 



with T given in eq. (|11.10|) . Expression (|11.19|) is actually the most general N = I 
Lagrangian for L and L' with symmetry 



6L' = aiAL + B). 



(11.20) 



This transformation, which links the two antisymmetric tensors in L and U as 



in variation (|11.1|) , forms with their respective gauge symmetries a Heisenberg 
algebra realized as in type IIB strings. 

Instead of Im O, we could have chosen to dualize e'"0 for any phase a, since 



4/^ 



<fe<fe{AL + B){e'"^ + e~'"(^Y + derivative 



The result would be again theory (|11.19|) . This is a consequence of symmetry M, 
which is however fixed by the choice of dualization and does not act on U . 



11.1.2 Hyper-Kahler Metrics with Heisenberg Symmetry 

The Kahler coordinates defined hy N = \ chiral superfields S and O are not 
necessarily the most appropriate to describe a hyper-Kahler manifold. There 
is a 'standard' set of coordinates used to describe hyper-Kahler metrics with 
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shift isometries in the literature. For comparison purposes, we define in this 
subsection these coordinates in terms of our superfield components. 

For any hyper-Kahler manifold with a shift symmetry, one can find coordi- 
nates in which the metric has the Gibbons-Hawking form |124| 



ds = f{x) dxi dxi + f{x) (dr + a»,- dxt) , (11.21) 

with condition Vx (3 = V/. Imposing the requirement of a Heisenberg symmetry 
acting according to 

6HXi=yfla, 6hX2 = -^P, 6hX3=0, 6ht = - yfla X2 + y (11.22) 

also defines dr + xi dx2 as the invariant derivative of r and indicates that 6j = 
(0, Xi,0). The value of f(x) follows then from V x to = V/. This last condition is 
invariant under to ^ co + ^A{x), for any gauge function A{x). In turn, invariance 
of the metric requires the compensating transformation r ^ r - A{x). 

J 



From the N = 2 Kahler potential (|11.17[) , the Kahler metric can be writte: 



ds^ = i(AJ/ + 52)-i/2 



+ (dlmS + /f (O JO - O JO))' 



(11.23) 



+(AJ/ + 5^)1/2 JO JO, 

using coordinates (J/, ImS'jReO, ImO). The supersymmetric duality transfor- 
mation from L to 5 exchanges a real scalar C = L\g=o, invariant under Heisen- 



berg variations, and Re 5 with variation (|11.15|) . The Legendre transformation 
defines the change of variable from J/ to C: 

AC + B= ^/A}/ + 52. (11.24) 

Then, in terms of coordinates (C, Im 5 , Re O, Im O), the metric becomes 

J 2 ^ 4£±^rjc2 + 2JOJ0I + (jr + AReOJImof . (11.25) 



^From here on, we do not distinguish chiral superfields S and O and their lowest complex 
scalar components. 
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This is the Gibbons-Hawking metric (lll.21|l with f = ( V2Re O, VllmO, C) and 



The function 



1 1 
T = 2 (I"^"^ -AReOImO) = i^'^mS . 



m = (11.26) 



solves the hyper-Kahler condition V x = V/ with 6j = (0, ^Xi,0). Choosing for 
instance A = -\x1X2 turns then c3 into (-f -^2, 0, 0) and dT+^X\dx2 into Jr- \x2dx\. 
Similarly, a rotation of O 

which is compatible with the shift symmetry (|11.7[) , corresponds to X{x) = 
^{^2 ~ ^^\>- It is the isometry M of metric (|11.25|) . 

The conclusion is that the Gibbons-Hawking ansatz for the hyper-Kahler 
metric corresponds to coordinates where Re S is replaced by its Legendre dual 
C, which is also the lowest scalar component of the linear superfield dual to 5 . 



11.2 The Universal Hypermultiplet in N = 2 Supergravity 

Hypermultiplet scalars of A/" = 2 supergravity live on 4n-dimensional 
quatemion-Kahler manifolds with holonomy included in S p(2n)xS p(2). Super- 
gravity requires that the curvature of these Einstein spaces is proportional to the 
gravitational coupling [15J. Hence, the decoupling limit k ^ turns the hy- 
permultiplet manifold into a Ricci-flat hyper-Kahler space, as required by global 
N = 2 supersymmetry |[17|. For a single hypermultiplet, or a four-dimensional 
quatemion-Kahler manifold, the defining condition on the holonomy is not per- 
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tinent since S p(2) x S p(2) ~ S 0(4). The relevant condition is then self-duality of 
the Weyl tensor. 



11.2.1 The Calderbank-Pedersen Metric with Heisenberg Sym- 
metry 



Calderbank and Pedersen 111251 have classified all four-dimensional Einstein 
metrics with self-dual Weyl curvature and two commuting isometries. Using 
coordinates (p, 77, cp, t) with the isometries acting as shifts of cp and r, their met- 
rics are written in terms of any single function F{p, rf) verifying 

d^F d^F 3F 

It is simple to see ||29l that metrics with Heisenberg symmetry are then obtained 
if F does not depend on 77, i.e. ifS 

^/pF(p) = ^[p^-Xl (11-28) 

with an arbitrary real parameter x- The Calderbank-Pedersen metric with 
Heisenberg symmetry (the CPH metric) reads then 



2 /I 2 

d4pH = A ^^^2 (^P' + ^'^^ + V) + -1 |-T— ^(^^ + ^ ^^)' ■ (11-29) 



The coordinate p is positive, p > 0, and positivity of the metric requires 
+ X > 0/ ^ stronger condition if x is negative. It is an Einstein metric with 
negative curvature, and is Kahler only iix = 0. Notice that iix i^Q, the rescaling 
(p, 77, ip, t) {\x\^''^p, \x\^^^ri, Ixl^^^ip, \x\t) turns x in metric (|11.29|) into +1. This is 



^The metric does not make sense without the p^^^ contribution to F and the overall normal- 
ization of F is a choice of coordinates. Our x isx in Ref. (29) • 
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not true if we turn on string interactions, such as in the presence of D-branes 
where the dilaton, or equivalently the field p, couples to the Dirac-Bom-Infeld 
(DBI) action in a non-trivial way (see section lll.3|) . For this reason, we keep 
explicitly x throughout the paper. We may use a new coordinate V = with 
metric 

''^^ ^^.[^^^'f^ . Jy^^^(''r . . (11.30) 

The particular case;^^ = has extended symmetry: it is the S U{1,\) I S U{l)xU{\) 
metric with Kahler potential 

^(S,5,0,0) = -InV, y = 5 +5 -(cD + 0)^ (11.31) 

and with O = -^(77 + iip), r = ImS . 

The CPH metric is invariant under four isometry variations acting on coor- 
dinates (77, ip, r): 



6x11 = 


- V2, 


SyT] = 


= 0, 


Szri = 


= 0, 


SmT] = 




6x(p = 


= 0, 


dyCp = 


= -V2, 


6z(p = 


= 0, 


Sm<P = 




6xT = 




SyT = 


= 0, 


SzT = 


= 1, 


6mT = 


-- W-v^) 



(11.32) 

The non-zero commutators are 

[X, F] = 2Z, [M,X] = y, [M, 7] = -X. (11.33) 

Hence, X, Y and Z generate the Heisenberg algebra and Z is a central extension 
of a two-dimensional euclidean algebra generated by M (which rotates (p and 77), 
X and Y (which translate if and 77). With these conventions, 

6H(i> = iaX+/3Y + yZ)<!> = a-i/3, 6HS=4aO-2iy (11.34) 
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and V is invariant. 



The metric (ITL301) appears in the one-loop-corrected Lagrangian of the uni- 



versal hypermultiplet of type II strings, reduced to four dimensions, with the 
NS-NS and R-R tensors dualized to scalars with shift symmetry ||29l . At one- 
loop order, the four-dimensional dilaton field is related to coordinate V and pa- 
rameter by 

where is the Euler number of the internal CY3 manifold. The real number j^'i 
encodes the one-loop correction [29113011 . Notice that this relation also indicates 
that V-x=y+Xi>^> which is stronger than V = > if the Euler number 
is negative ix > 0). Since positivity of the CPH metric also requires V -i-;^^ > if 
X the domain of V is naturally restricted to V > [j^'l. 

The R-R scalar is 

Co = 77, (11-36) 

and is shifted by symmetry X. Finally, Poincare duality gives the following 
equivalences 

dip ~ ^3 = dC2 - ridB2, 

dr + rjd(p ~ ^3 = dB2. 
In the scalar version, the central charge is the shift Z of r (related to the NS-NS 

tensor B2) while in the two-tensor version, it is the gauge variation of the (R-R) 
tensor C2. Writing rj and (pin a complex O is conventional: we always use 

1 

O = —{t] + i(p). 
V2 

In the previous section, we found a unique four-dimensional hyper-Kahler 
manifold with Heisenberg symmetry. It also admits the fourth isometry M ro- 
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tating O. In the quatemion-Kahler case, the theorem of Calderbank-Pedersen 



II125I leads then to a very similar uniqueness conclusion. We will see how these 
two results are connected when taking an appropriate zero-curvature limit. But 
we first want to obtain the N = 2 supergravity coupling of the universal hyper- 
multiplet on the CPH manifold. 



11.2.2 Coupling to N = 2 Supergravity 

There are different methods to construct hypermultiplet couplings to N = 2 su- 
pergravity. The simplest procedure, which is however not the most general, is 
to use hypermultiplets coupled to local N = 2 superconformal symmetry |126| 



and to perform a quatemionic quotient ||3ni32| using supplementary hypermul- 
tiplet(s) and non-propagating vector multiplet(s). In this section, we use this 
procedure to obtain the supergravity theory of the one-loop-corrected dilaton 
hypermultiplet. 

Related constructions, using more general but also more complicated meth- 
ods, can be found in ref . |132| , in the language of projective superspace or in 



ref. II133I , using harmonic superspace. 



Conformal N = 2 supergravity is the gauge theory of 517(2, 2|2), which has a 
SU(2)]i X U(1)r 7?-symmetry with non-propagating gauge fields. Pure Poincare 
N = 2 supergravity is obtained from the superconformal coupling of one prop- 
agating vector multiplel^ (which may be charged under U{1)r) and one hyper- 
multiplet (charged under S U (2)r) by gauge-fixing of the extraneous symme- 
tries. These two multiplets include in particular the compensating fields used 



Its gauge field is the graviphoton. 
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in the gauge-fixing to the Poincare theory. 

For the superconformal construction of our particular hypermultiplet sigma- 
model, we also need a physical hypermultiplet, with positive kinetic metric, to 
describe the dilaton multiplet. In addition, for the quatemionic quotient, we 
need a non-propagating vector multiplet with gauge field W^, gauging a spe- 
cific generator T to be discussed below, and, since the elimination of the alge- 
braic vector multiplet involves three constraints and one gauge choice on scalar 
fields, we also need a third non-physical hypermultiplet. Its kinetic metric can 
have a positive or negative sign, depending on the constraints induced by the 
choice of T. Hence, we need to consider the N = 2 superconformal theory of two 
vector multiplets and three hypermultiplets. The superconformal hypermulti- 
plet scalar sector has then an 'automatic' S p(2, 4) global symmetry in which the 
gauge generator T of the quatemionic quotient is chosen. 

11.2.3 Sp{2,4) 

In the following, we consider three hypermultiplets coupled to (superconfor- 
mal) N = 2 supergravity. One (compensating) hypermultiplet has negative 
signature, the physical hypermultiplet has positive signature, the third hyper- 
multiplet, associated to the non-propagating vector multiplet, may have a pos- 
itive or negative signature, depending on the constraints applied to the scalar 
fields. In any case, we are considering S p(2, 4)-invariant supergravity couplings 
of N = 2 hypermultiplets. 

The hypermultiplet scalars are A", with SU(2)r index / = 1,2 and 5/7(2,4) 
index a = 1, . . . , 6. They transform in representation (6, 2) of S p(2, 4) x SU(2)]{. 
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Their conjugates arc 



(11.37) 



with p"Vj8r = ^rid 6'^6y<. = We choose the S jc>(2,4)-invariant metric as 



P = It,® i(T2 



I \ 

h 
-h 



(11.38) 



and we use 



d 



T] 
7] 



T] = diag(-l, 1,-1), 



pdp = -d. 



(11.39) 



In our choice of rj, direction 1 corresponds to the superconformal compensator, 
direction 2 to the physical hypermultiplet and our choice of quatemionic quo- 
tient will require a negative metric in direction 3; otherwise, our construction 
does not work. On scalar fields, S p(2, 4) acts according to 



(11.40) 



Since relation (|11.37[) also implies t^^ = {fp)*, the choice (|11.38|) and the invari 



U^ = -T]Ur], Q = Q\ t^ = -dtd. (11.41) 



ance of d^A[A^^ lead to 

U nQ 
-T]Q* U* ) 

This is an element of S p(2,4): U generates the U{\,2) subgroup (9 generators) 
and Q (12 generators) generates S p{2, 4)/[/(l, 2). The (2 x 2) matrix d tA, with 
matrix elements A^J^z^yA^, is antihermitian, as required by gauge invariance of 
A'^dA, and traceless. 



^We follow the conventions of the second paper of ref. 11261 . 
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11.2.4 The Heisenberg Subalgebra oi SU(l,2) and Sp(2, 4) 



At string tree-level, the universal hypermultiplet of the dilaton in type II strings 
lives, when formulated in terms of four real scalars, on the quaternion-Kahler 
and Kahler manifold 5 1/( 1,2) /5t/(2) x U(l) = [/(1, 2)/[/(2) x [/(I) |[13l. Since 
f/(l,2) = S[/(l,2)xi7(l)ois maximal in S p(2,4), S p(2,4) has a unique generator 
commuting with SU(l,2): the generator of t/(l)o- At one-loop however, the 
isometry is reduced and includes the Heisenberg algebra which is known to be a 
subalgebra of SU{\,2). We need to find the most general generator T of S p(2, 4) 
which commutes with a Heisenberg subalgebra. In the following subsections, 
we will perform the quaternionic quotient construction induced by the gauging 

of r. 

Since elements U of the U(l,2) algebra verify = -r]U tj and we have cho- 
sen T] = diag(-l, 1, -1), a generic U is 



U 



ia A B 



A ib C 
-B C ic 



(11.42) 



with a, b, c real. A, B, C complex and elements of 5 2) are traceless. On a 
three-dimensional complex vector, 2) variations are 6A = UA. 



We may define the Heisenberg subalgebra as the U(l,2) transformations 
leaving Ai - Aj invariant: (5//A)i - {6hA)i = {UA)i - {UA)2 = 0. The transfor- 
mations acting on Ai and A2 are generated by the following three elements 



(11.43) 





( 







1 




( 







i 




i 





X = 








1 


Y = 








i 


z = 


i 







-1 


1 


0. 






—i 


0. 




.0 


0^ 
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which verify 

= ZZ = ZX = FZ = ZF = Z^ XY = -YX = Z, X^ = Y^ = iZ. (11.44) 



The Heisenberg algebra 



[X, Y] = 2Z, 



[Z,Z] = [y,Z] =0 



(11.45) 



6hA = (aX+pY + yZ)A = 



is then realized as a subalgebra of 5 2), with variations 

iy -iy a + i/3 Ai 
iy -iy a + i/3 Aj (11.46) 
-a + iB a - iB A3 
in the fundamental representation. Since Z is a central charge of the Heisenberg 
algebra, we are interested in the elements of U(l,2) which commute with Z. 
They form an algebra generated by five elements, Uq, M, X, Y and Z, with 

1 

Uo = ih, M = i I (11.47) 

0-2 

{Uo generates the abelian factor of f/(l, 2) = 5 f/(l, 2)xC/(l)o). Besides the Heisen- 
berg algebra generated by X, Y, Z, we also have 



[M,X] = 3Y, [M,Y] = -3X 



(11.48) 



and M generates a rotation of (X, Y) leaving X^ + Y^ = 2iZ invariant: [M, X^ + Y^] = 
2i[M,Z] = 0. 

One then easily checks that the most general C/(l, 2) generator which com- 
mutes with the Heisenberg algebra generated by X, Y, Z is proportional to 

X , t/o = «/3, (11.49) 

1 



r = [/o +^-2 = i 
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where ;^ is an arbitrary real number, li x = 0, T = Uq commutes with the whole 
U(l, 2). Ifx 0,T commutes with the Heisenberg algebra supplemented by Uo 
and M. The extension to S p{2, 4) is straightforward. Requiring that 



T = 



T 

t* 



(11.50) 



in Sp(2,4) commutes with an element of S p(2,4)/U(l,2) corresponds to find 
a (nonzero) symmetric matrix Q in eq. (|11.41|) such that f^Q is also antisym- 
metric, which is impossible^ Hence, T is also the most general generator in 
S p{2, 4) which commutes with the Heisenberg algebra generated by X, Y and Z 
in S U(l,2). It actually commutes with X, Y, Z, M and Uq. 



11.2.5 N = 2 Supergravity Scalar Lagrangian 

To construct the scalar kinetic metric, the relevant terms of the N = 2 conformal 
supergravity Lagrangian are l|126[|3Tll32ll 



e-'£ = d"p{DX){D'K) + igd;A'jPyAlY'; + C.C.) 

(11.51) 

+\R{-XoXo + d;A'X) + diXoXo + ^J^A^Af ). 

The complex scalar Xq is the partner of the graviphoton, Y'y Y. = 0, is the triplet 
of real auxiliary scalars in the non-propagating vector multiplet with gauge field 
Wu used in the quatemionic quotient. The covariant derivatives are 

D,Af = d,A'^-g'W,T%A^-gV,M'], 

(11.52) 

DX = d.A'^-g'W.T/A'^-gV^jAi, 



^This would not be true for t - Z, which commutes with a larger subalgebra of S p{2, 4). The 
f/o component is necessary. 
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where g and g' are 5^7(2)^ and U(1)t coupling constant. The (anti-hermitian) 
S U (2) gauge fields / = 0, and the real auxiliary scalar d belong to the 

multiplet of superconformal gauge fields: 

V,ij = V;. = e^ejiV,,' = (V,/)*. 

We will commonly use a matrix notation, with a 6 x 2 complex matrix A and 
its 2 X 6 conjugate replacing A" and A'^. Condition (|11.37[) implies that A 
contains six complex components only. It also implies, in particular, that A'^dA = 
J Tr(A^ dA) I2. Since = -V^, the Lagrangian and the derivatives read 

e-^£ = Tr{D^A'f)d(DfA) + gTvYAUTA + c.c. 

+ lR(-XoXo + Tr AUA) + diX^Xo + \ Tr A'^^^A); 

(11.53) 

D,A = d,A-g'W,TA-gAV,, 

D,A^ = d,A^ -g'W,A^r +gV,AK 
Constraints are obtained from the elimination of the auxiliary fields and from 
the gauge-fixing of dilatation symmetry in the Poincare theory: 

• Einstein frame gauge-fixing condition and d auxiliary field equation: 

XoXo = ^, TxAUA = -4- (11-54) 

The second condition is invariant under SU{2)r and 5p(4, 2). With an 
S U (2) gauge choice, it allows to eliminate four scalar fields and would 
lead to the S p(4, 2)/S p(4) x S p{2) sigma-model. 

• Auxiliary fields Y'.\ 

AUTA = Q. (11.55) 

Since this 2x2 matrix is traceless and antihermitian, these conditions elim- 
inate three scalars and the associated abelian gauge invariance removes a 
fourth field. 
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The SU{2)r gauge fields V^/ and the abelian have then algebraic field equa- 
tions: 



Gauge field W^, associated with generator T: 

Tridf^AU TA - AU Td^A) 



W = 

^ 2^'Tr(AtrtjrA) 



SU{1)r gauge fields V^,-^': 



d^AUA-AUd^A 



gTv{AWA) 

According to the second eq. (|11.54[) , the denominator is -IgjK^. 



(11.56) 



(11.57) 



At this point, the scalar kinetic Lagrangian in theory (|11.51|) reduces to 
= Tr:(^^A^)di^^'A) - g'^ TriA^Pd TA)W^'W^ - ^ TriV^'V^). 



(11.58) 



The scalar fields are submitted to constraints (|11.54[) and (|11.55|) and the gauge 
fields and V^,,^ are defined by their field equations (|11.56|) and (|11.57[) . 



To study the constraints (|11.54[) and (|11.55|) for our specific choice (|11.49|) 
and (|11.50|) of gauged generator T, we introduce two three-component complex 
vectors: 



Af = 



-A* A* 



A' = 



+ / 



A* A*_ 



-A- A, J 



(11.59) 



verifying the reality condition (|11.37|) . On each doublet A+q, A_„, a = 1,2,3/ 
act two different SU{2) groups. Firstly, the superconformal SU(2)r acts on + 
indices. Secondly, S p{2, 4) d 5 p(2)i x S p{2)2 x S p{2)^ ~ S U(2)i x S U{2)2 x S U{2)^ 
and (A+a, -A*a) is a doublet of SU{2)a. One could define three quaternions 



Qa 



-A* A* 



a = 1,2, 3 



(11.60) 
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with a left action of SU(2)a and a right action of the superconformal SU(2)r. 
They verify (for each a) 

Qa Ql = Ql Qa =dct Qah, 



dete, = \A^f + \A^f. 



(11.61) 



The second condition (|11.54|) from N = 2 supergravity becomes: 



A^ • + A • A^ — — 



A* •A' = i^77i'= -|Ai|^ + |A2l^-|A3|^ (11.62) 



With eq. (|11.50)) , condition (|11.55|) leads to three (real) equations: 



A[iT]TA+ = ALij]TA-, 



ALiT]TA+ = 



(11.63) 



{UhTV = i^f). With the explicit form of t , eq. (|11.49|) , and defining dimension- 
less fields a+i = yfltcA+i, the four constraints (|11.62|) and (|11.63|) read finally 



// : 



(11.64) 



/// : = -a+ia-i + a+2«-2 - «+36!-3 - xi^L+i - <^+2){<^-i - cl-i)- 

They are invariant under Heisenberg variations (|11.46|) of a+ and a-. The case 
;t = has been considered by Galicki m. Since it leads to 5 t/(l, 2)/5 U{2)xU{\), 
coordinates more appropriate for this larger isometry have been used. 



11.2.6 Solving the Constraints 



To solve the constraints (|11.64[) , we insist on keeping in a„ a field O which trans- 
forms under the Heisenberg variationo^// o.- = iaX+/3Y+yZ) with a complex 



10 



See eq. (fTTigll . 
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shift: 



6H(!> = a-i/3. (11.65) 

This is the case if a_i = a_2, and a_3 is then invariant. We may define O = a_i/a_3 
and constraint /// reduces to a+3 = (a+2 - a+i)(i>. Since 

a+2 + ci+i 



>H 



ya+2 — (i+i 
we finally define 



-2iy + 2(a + ij3)- 



a+3 
^+2 ~ ^+1 



-2iy + 20 6h^, 



S = ^lll^ + y, 



(11.66) 



a+2 ~ ^f+i 
and the quantity 

7 = 5+5-200 (11.67) 

is invariant under Heisenberg variations. The algebra follows from \6'^, 5h\ = 
(a'jS - a/3')[X, Y] = 2{a'p - afi')Z: 

[S'h, Sh]S = 2(a' + i/3')6H<!> - 2{a + ip)6'n^ = -Ai{a'p - ap') = 2{a'j3 - ap')Z. 

These definitions are summarized in the choice 



/ ^ 

O 

O 



V 1 . 



5 - y- 1 
5 - y + 1 



(11.68) 



with complex fields 5, O and a. The four available gauge choices have been 
used to take A = |A|, K = \K\ and a_i = a_2- Under Heisenberg variations, A and 
K are invariant. Hence, we are left with eight real scalar fields submitted to the 



four constraints (|11.64[) which drastically simplify: 



/ : 
// 



A^(2-\a^,\^ + \a^2\^-\a,,\^) = K\ 
2(5 +J)-\a\^ -AY = 4x- K^, 



(11.69) 



III : 



a = 20. 
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Hence, the solution is 



a- = 



( \ 

O 



, 1 , 



a+ = 



5 - y- 1 



5 - y + 1 

20 



(11.70) 



The solution implies y+;^>0if;^>0ory + 2Y>0if;kf<0. The scalar kinetic 
Lagrangian (|11.58|) obtained from this solution iq^ 

(y + 3;r) ...... 2 



1 



+- 



1 



+- 



y+;^^'^ 

[lm(5^S -205^0)]^ 



(11.71) 



2(y+;r)' 

The first line comes from the basic scalar kinetic terms Lun. in Lagrangian 
(|11.58|) . The second line is the contribution Xr of the gauge field of T , the third 
line arises from the supergravity SUQ.)r gauge fields. Each term is separately 
invariant under Heisenberg variations. Collecting terms, the final form of the 
theory is 



{Y+Xf 



(11.72) 



+ 



{Y + 3x){y+xf 



where 



5 = 5 + 



(11.73) 



for which y = S + S - (O + O)^ and lm{dS - 20 JO) = J Im 5 - 4 Re O J Im O. From 



the existence of solutions (|11.70|) and positivity of the Lagrangian, the range of 
y is y +;f > iix > and y + 3;^^ > lix < Writing as usual 



X = \gah{d,q"Wq') = Gat{d,q"Wq'\ 



(11.74) 



11 



All fields and parameter are dimensionless. 
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= (y, Re O, Im O, Im 5 ), and comparing ds^ = gab dq'^dq^ with expression (|11.30|) , 
we see that the hypermultiplet kinetic metric gab is the CPH metric with 



Y = V-2x = p'-2x, 



and with 



O = \{t] + iip). 



ImS = -It. 



(11.75) 



(11.76) 



Positivity of kinetic terms is obtained iiV = > \x\ which is, as explained at the 
end of subsection II 1.2.11 the natural domain of V. 

As already observed, the case;^f = corresponds to the SU(2, l)/5 U(2) x U(l) 
metric 



ds^ = -^ 



1 2 

-dY^ + [dlmS -4ReOJImO) 



2 - 
+ - JOJO. 
Y 



(11.77) 



With Kahler coordinates S and O, the Kahler potential is ^ = - In 7, with Y = 
y = 5+ 5-(0 + 0)2. 

This relatively simple construction of the one-loop-corrected dilaton hyper- 
multiplet metric allows easily to derive the full N = 2 supergravity Lagrangian, 
using N = 2 superconformal tensor calculus 111261 l3ni32| . 



11.3 Zero-Curvature Hyper-Kahler Limit 

All quatemion-Kahler metrics are Einstein spaces with nonzero curvature. With 
one hypermultiplet, the scalar kinetic Lagrangian (|11.74|) verifies ||15l 



Rab = -^gab = -(il^Gab. (11-78) 



12' 



This choice is not unique. We may for instance rotate <1> using isometry M. 
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The link with global N = 2 supersymmetry is realized by defining a a: ^ 
hyper-Kahler limit of the CPH metric (|11.30|l or (|11.72[) in which, if feasible, 
the Heisenberg algebra does not contract to an abelian symmetry As observed 
in Subsection 111.2.11 the magnitude of x can be eliminated by rescaltng of the 
coordinates (in the absence of D-branes). We then have three [;^'|-independent 
cases to examine: firstly, positive x> with V > 0; secondly, = (V > 0) which 
is SU{l,2)ISU{2) X U{1); thirdly, a negative ;t', with V > \x\- In each case, we 
should seek to find a parameter-free zero-curvature limit. The most interesting 
case turns out to be x negative, which we first study. 



With;^f negative, we are interested in the CPH metric in the region V +;f ~ 0. 



(11.79) 



We then apply to metric (|11.30|) the following change of variables: 

V = 2\x\K^i'ix-'i^c-x, V = ^jw\K^"^^~"'^, 

where // is an arbitrary mass scale. Positivity of the metric, V +x > implies C > 
0. While the original fields are dimensionless, the new, hatted, fields (C, 0, ff, t) 
have canonical dimension. With this choice of dependence in k, the resulting 
metric is 

fJ.C 



ds^ = gabdq"dq'' 



2 [(KiuY'^C + fxf 



dC 
2k^i^Ix-^i^C + 1 



+ dt}' + d(p' 



df -\ — fjdip 



(11.80) 



2C [(/CyU)2/3C+//]2 

since x = Using this metric in Lagrangian (|11.74[) , the overall factor 

cancels and we can take the limit k ^ 0, with result 



2fi 



2C 



, ^ ^ ^ 

ijT+ -r]df,(p 
1^ 



(11.81) 



This scalar Lagrangian has the hyper-Kahler metric with Heisenberg symmetry 
(I11.25D with A = 1/// and 5 = and with relations O = -^(t) + i(p), f = 2t. As 
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noticed earlier, parameter B can always be absorbed in a shift of C, as long as 
A ^0. 



Notice that to obtain limit (|11.81|) , we only need the change of variables 
(|11.79|) up to higher orders in k. In particular, according to eq. (|11.35|) , we may 
write the four-dimensional string dilaton as 



-2(p4 



(11.82) 



-2x = 2\xl 



C 



204, 



in terms of the fluctuation ^4 and of the background value (^4). Since [Jtl = A^i = 
XE/i^^n), we are considering the case of a positive Euler number = 2(/iii -/j2i), 
with h\i,h\2 the corresponding Betti numbers of the CY3 manifold. A typical 
example with a single hypermultiplet would be IIA strings on a CY3 manifold 
with h2\ = 0. Positivity-related questions with several hypermultiplets, as is in 
particular the case with a negative Euler number, should be reanalyzed. 



Comparing the scalings (|11.79|l and the identification of the string coupling 
in the last eq. (|11.82|) , we see that the R-R fields rj and (p carry as expected a 
supplementrary factor g string- 

We could also consider the single-tensor version of the theory. Dualizing f 
into Hf^yp, we find 



ST — 



c 



(11.83) 



12yU 



This is the bosonic sector (|11.13|) of the single-tensor theory (|11.12[) with again 
A = 1//J. and B = 0. Then, for negative x, the N = 2 supergravity hypermultiplet 
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with Heisenberg symmetry is described in the global supersymmetry limit by 
the unique nontrivial theory with the same symmetry. 

For completeness, we may also consider the case of the CPH metric with 
positive;^. The interesting limiting regions are V ~ and V-x ^ 0. liV = <^ 

dslpH = -{dp^ + drf + V) + ^{dT + r]d(pf. (11.84) 

The appropriate rescalings are (p, 77, ^, t) = ( ^Kp, ^kt], ^k(p,xt) to obtain 

dslpH = [dp^ + dfj^ + #^ + 4p2(Jf + fid(pf] . (11.85) 

The Heisenberg symmetry acting on the rescaled fields has algebra \X, 7] = Ik^Z. 
In the limit /c ^ 0, it contracts to \X, 7] = and we find 

lim ^dslpii = dp'^ + 4p2jt^ + df + #^ (11.86) 

which is the trivial four-dimensional euclidean space. The second region of 
interest if ;^ > is V - ^ ~ 0. First, we change coordinates to 

V = 2AC+x, r] = Af}/yl^, ip = A(p|^^^, t = Af (11.87) 

and the metric for A ^ and x finite reads 

dslpH = ^ [dC^ + drf- + #2 + Jt^] . (11.88) 

This limiting metric is 5 0(1, 4) /5 0(4), again with i?,y = -dgij and with radius 
~ (C). In the large radius, zero-curvature limit, the metric is trivial. Finally, in 
the SU(l,2)/S U(2)x U(l) case;^^ = 0, the zero-curvature limit is again trivial. 

The conclusion is that in the zero-curvature limit, the CPH one-loop La- 
grangian for the dilaton hypermultiplet is the hyper-Kahler N = 2 sigma-model 
with Heisenberg symmetry (|11.12|| . If the one-loop parameter is negative, then 
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A and the Heisenberg algebra has a non-trivial realization in this limit. If 
X ^ however, A = and the limit oi N = 2 global supersymmetry is the free 
hypermultiplet. In the string context, the above non-trivial limit can be taken 
if the string coupling is tuned at a fixed value, according to the third line of 
eq. (|11.82|) , which applies with positive Euler number. 



In chapter [TO] we constructed the interaction of a hypermultiplet with the 
Dirac-Born-Infeld Maxwell Lagrangian. The hypermultiplet sector has a full 
linear N = 2 supersymmetry while the second supersymmetry is nonlinearly 
realized on the Maxwell superfield Wa- As an application of our results, we can 
easily use our identification of the string universal hypermultiplet. The bosonic 
DBI action, after elimination of the Maxwell auxiliary field and using the single- 
tensor formulation, iq^f 



(11.89) 



In this expression, 'F is the breaking scale of the second, nonlinearly realized su- 
persymetry (with dimension (energy )^2) and g is the Chem-Simons coupling^ 
(equal to the string coupling for a D3-brane). The four-form field C^ypa- is a com- 
ponent of the single-tensor multiplet required by supersymmetry of the nonlin- 



ear theory [see section 19^. 

Since we have control of the kinetic Lagrangian of the universal string hy- 
permultiplet in the global supersymmetry limit, we can then identify the stngle- 



^■'in chapter [lOl this is the electric version of the theory, induced by a AT = 2 Chern-Simons 
couphng gB A F. 

^*In contrast to chapter [lOl we have defined single-tensor fields with canonical dimension so 
that g has dimension (energy). We also chose the Fayet-Iliopoulos term to be l/f so that gauge 
kinetic terms are canonically normalized at Re O = 0. 
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tensor fields in terms of string fields. First, C is the global dilaton and fi^y is the 
NS-NS tensor. Then, the complex scalar O includes the R-R fields. The super- 
symmetric minimum of the scalar potential included in theory (|11.89|) implies 
(C) = and O corresponds to flat directions of this vacuum. 
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Chapter 12 

Summary of Results 



This part of the thesis constitutes a detailed study, in the context of global 
supersymmetry, of the D-brane effective action of N = 2 compactifications in 
type II string theory, including both the gauge part as well as the couplings of 
the brane to bulk fields. From a field theoretic point of view, this is the inter- 
action of the Maxwell goldstino multiplet oi N = 2 nonlinear supersymmetry 
to a hypermultiplet with at least one isometry. The hypermultiplet is described 
by its Poincare dual single tensor multiplet where N = 2 supersymmetry can be 
realized off shell. The nonlinear breaking of the second SUSY is realized with a 
supersymmetric constraint while the coupling of the single-tensor to the gold- 
stino multiplet is realized with a supersymmetric generalization of the usual 
Chern-Simons term B A F. This system has equivalent descriptions in terms of 
different chiral and tensor multiplets. We proved the equivalence of these de- 
scriptions by performing N = I and N - 2 Poincare tj^e dualities which led us 
to a net of theories summarized in the figure below. 

Up to appropriate field redefinitions, this system is also equivalent to the 
Higgs phase ol N = 2 nonlinear QED coupled to a charged hypermultiplet. 
The system also explores a phase with all supersymmetries broken and a phase 
with the U{1) gauge symmetry unbroken. In the Higgs phase an interesting phe- 
nomenon appears. The goldstino multiplet combines with the hypermultiplet to 
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Double-tensor 



(L,L') (I10.21|) 



E-M duality Magnetic dual 
Single-tensor 

' (L, O) ([10351) 



Single-tensor ST-ST duality Single-tensor 

Stiickelberg ^, Chem-Simons . 

gauging ^ (L,0) (ITaTT]) 

(L',0') ([102311 ^ 

Hypermultiplet 
(O, O') (ITaT7|) 



Figure 12.1: Web of dualities: double arrows indicate duality trans- 
formations preserving off-shell N = 2 supersymmetry, simple ar- 
rows are N = I off-shell dualities only, leading to theories with on- 
shell N = 2 supersymmetry The N = I superfields and the related 
equations are indicated. 



form a massive vector multiplet and a massless chiral multiplet. In the massive 
multiplet, the goldstino combines with a hypermultiplet fermion and becomes 
massive, thus realizing a new type of super-Higgs mechanism that doesn't in- 
volve a gravitino. This is possible because the hypermultiplet is charged under 
the f/(l) partner of the goldstino. 



The next step is to find how the Lagrangian of our system eq. (|10.14[) re- 
lates with the global limit of the low energy effective D-brane action m N = 2 
compactifications. In other words, we have to relate the field basis used in our 
construction with the string basis of the universal hypermultiplet. To do that we 
need to specify the correct global limit of the universal hypermultiplet. At string 
tree level, the universal hypermultiplet is described by the symmetric coset 
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SU(2, l)/S U(2) X U(l). At the quantum level this isometry structure reduces to 
the centrally extended Euclidean algebra E2 which contains a Heisenberg subal- 
gebra. Requiring that the same isometry structure survive in the global limit we 
found that apart from the trivial global limit of canonical kinetic terms (which 
destroys this isometry), there is also a limit leading to a hyperKahler manifold. 
An independent derivation of the most general hyperKahler manifold that sat- 
isfies the Heisenberg isometries had as a result precisely the same manifold that 
we obtained from this global limit. We could then identify the string basis of the 
system. 
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Appendix A 



Coefficients for the Higgs 

Masses 



For completeness, we present the expressions of the coefficients in eq. (|5.47|) : 



7i = 



2m2(1 +^2)3^1/2 

X [(Boniofiof (1 + - 2ml - u^f + (1 + u^) (S/ul + (u^ - 1) w'^^))] 

+ iBomoMQ)uil+u'^f[mlil+u^)-i+w^'^{l+u^)+l6i4u^)]] (A.l) 



72 = 



2(1 +m2)3vv1/2 

X [(5omo;Uo)^(l + M^)^ - 2mlu\Siul(l + u^) + m|(l - u^f + w^'^{\ - u^)] 

- {BomQ^io)u{l+u^f{\6nl-ml{l+u^) + {l+u^)w^'^]] {A.l) 
73 = yt=—r, [tilV-BoniQUoil+u^f+mluil -6u^+ u^) + u{\+u^f w^'^] 

+ BoniojUo (1 + u^) m| + m| (m| + w^''^)} (A.3) 

rj = 8M3(l+t<2)3^i/2 [(^omo;Uo)'( 1 + M^)' (- 1 + Sm^) - (5omo//o) 1 + 

X [ - 2m|(l + 5u^) + 2nl{\ + + 25m^ + 2u^) + (1 + w^XSw^ - l)w^'^] 

- m|[m|(l - \9u^ - + 3u^) - 2^1(1 + u^)i\ -I6u^- 23m^ + 2u^) 

+ il+u^)\l+3u^)w^'^]+2i4u^[ + a+u^fil-9u^ + 2u'^)w^'^]] (A.4) 

= o 2n ~ 2^3 1/2 [(Boniofiof uil+u^i-S + u^)- (Bomofio) ( 1 + u^f 



8^2(1 7^2)3^1 

X [2m|(5 + M^) - 2i4 (2 + 25m^ + 8m^ + m^) + (1 + u^) (u^ - 3) w^'^] 
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+ Mm|[m|(3 -u^ - I9u' + u^) - 2^1 (1 + u^){2 - 23 - I6u^ + u^) 

+ u^{\ + u^fO + u^)w^'^^-lnlu{ + {\+u^f{l-9u^ + u^)w^l^^] (A.5) 

— 2 2 

16m^(1 + M^)^ w^'^ L 

+ m| (m + 30m^ + m'') + a(l + m2)^(1 - lOw^ + u^) w^'^\ (A.6) 
= —7. 3/2 ["^z " ~ 5omo//o (1 + M^)] [2mlu- Bomoi^o (1 + w^)] //q (A.7) 

m(1 + M'')^ W^''^ 

= \^l.^^Sv2 [mlu-Bomofio(l+u')fi'^ml) (A.8) 

(1 + w^rw^'^ 



" AlgM2 (1+^2)3 ^3/2 (^-9) 

X [ - 2 (Bomoflo? w (1 + w^)^ + "^(1 + M^)(4//g(-l + m^)^ - M^(2m| + w^^^)) 
+ 2 5omo//o m| M [ - 2//2(w^ - 1)2 + u^(mlil - Uu^ + w^) + (w^ - + 1) w^'^)] 
+ (BomoHof (1 + w^)[j"o ("^ - 1)^ + w^(2m| (1 - Hm^ + m^) + (1 + m^)^ wi/2)]](4//g) 



195 



Appendix B 



The Solution of the Quadratic 

Constraint 



In sec. |10.4[ the quadratic constraint Z} = ^ must be solved to obtain the 
magnetic DBI theory coupled to a single-tensor multiplet. Using the expansion 



Ziy, e, ~e) = z(y, 6) + ^eojiy, e) - ~e~e 



1. 



in terms of the N = I chiral superfields Z, oja and O^;, the constraint is equivalent 
to the single equation 



Z = 



0)0) 



mz + \ddz 



(B.l) 



The electric constraint equation (|10.3|) , which was solved by Bagger and 
Galperin [|2T]| using a method which applies to eq. (|B.1|) as well, corresponds 
to the particular case oja = iWa, = ^^id Z = X. Following then Ref. ||2T||, 



the solution of eq. (|B.1[) is 



Z{ojoj, Q>z) = — 



000) + DD 



OJOJOJOJ 



(B.2) 



where 



-\{DD ojo) + DDoxo) = A*, 



B = -\{DD 0)0) - DDTmo) = -B*. 
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Another useful expression is 



^ O^' 



)a»a;) ^ J/ 



L(Z)Z)a;w)(DDZZ;Zi;) 
In the text, we need the bosonic content of Z^coco, O^;). We write: 



ioAy, e) = OaP + ^Wcr^'d'VMv + ■■■, (B.4) 



where p is a complex scalar (2 bosons), P^y a real antisymmetric tensor (6 bosons) 
and dots indicate omitted fermionic terms. Hence, 

ojoj = ee[p^ + ^p>'''P^y + {€^'''"'P,,Ppo] + ..., 



A = 2(p2+p2) + 2/'^''/'^, + .. 



B = 2(p2-p2) + ^-^/.vp.p p , 



Since the bosonic expansion of oja carries one 6^, it follows from solution (|B.2|) 
that the bosonic Z(a)a), O^;) has a 69 component only, and that this component 
only depends on p, P^^y and the lowest scalar component of O^; (which we also 
denote by O^;). As a consequence, the bosonic Z(a>oj, O^;) does not depend on 
the auxiliary scalar /^^ of O^;. We then find: 

Zi^Z,coaj)tos. = ^coaj-^§^e9(\(^z\^ +A - Jo^r + 2A|OzP + 52) . (B.5) 
10^:1 410^:1 V ^ 'e=o 

The parenthesis is real. In terms of component fields: 

Z = -^09[\Q>z\'-ie'^''"'P,yPp^-2(p'-f)] 

+ 4^ee[(|Oz|2 + 2(p2 + f)f - 16pV + 4(p' - fWP'^P.yPp^ (B.6) 
+4\(!)z\^P>^''P,y - (e^'''f"'P,yPpo-f]"^ + ... 



The decomposition (|10.27[) , Z. = + 2^J/, indicates that 



p = -^C + id2, P^y = gb^,y-F^y, 0^ = 2^0. (B.7) 
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In Lagrangian (|10.35|) , we need the imaginary part of the 66 component of 
Z(a)co, O^): 



+SgCd2 e^'P'^iF^y - g b^y)(Fp^ - g bpa) 

1/2 



-[e^^'P'^iF,, - g b,,){Fp^ - g V)]' 

We now use 

-det(|0|77^, + f P^,) = -|0|4det(?7^, + ^/'^,) 

= m' + ^fP^'P^y - -^{e^^'P'^P.yPp^f 

to rewrite 

-Vj2(2|0|2 + C^) + ig^c^m^ 

1/2 

+2gCd2 e^'P'^iF,, - g b,,){Fp^ - g bp^) I 



(B.8) 



(B.9) 



(B.IO) 



+S V'^'^'iF^, - g bp^Wp^ - g bp^) - AgCd2] . 

As a check, choosing O = -\l{2gK) and ^ = to decouple the single-tensor 
multiplet leads back to theory (|10.4[) since in that case J2 = 0- 
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Appendix C 



Equivalent Descriptions of the 

DiLATON MULTIPLET 



We present in detail three dual descriptions of the dilaton multiplet as well 
as the duality transformations that take us from one to another. We start by 
repeating the analysis of section |9H on the single-tensor multiplet, this time with 
more details, and then we go on to the hyper- and the two-tensor multiplets. 

C.l The Single Tensor Formulation 

The single-tensor multiplet [[191 11271 1128i| is the A/" = 2 extension of the antisym- 
metric tensor field b/^y with gauge symmetry 5gaugeb,iv = 2(9|pAv]. It admits two 
descriptions, either in terms of the gauge-invariant curl d^byp^ or in terms of the 
antisymmetric tensor field submitted to its gauge transformation. 

In the case of A/" = 1 supersymmetry, a real linear superfield L, DDL = 0, 
L = L, describes the curl of the antisymmetric tensor. It can be expressed in 
terms of a chiral spinor potential including the antisymmetric tensor: 

L = D''Xa-D,r, (C.l) 
with DaXa = 0. The gauge tnvariance of the two-form field acts on the potential 
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Xa according to 



Xa Xa + iDDD,A, Xa x^ + iDDD^A, (C.2) 



which, since D"DDDa = DaDDD , leaves invariant the linear superfield L for 
any real A. The potential Xa includes the antisymmetric tensor in its Q compo- 
nent: 



Xa = ...- \eaC + ^{e(T>'a\ b,y + ..., (C.3) 



C being the real scalar partner of Z?^,y. The two descriptions of the N = 2 single- 
tensor multiplet use either L or Xar completed with one or two chiral N = I 
superfields. 

In the gauge-invariant description using L, the N = 2 multiplet is completed 
with a chiral superfield O (8b + 8^ fields in total). The second supersymmetry 
transformations are 



6*L = -^(rjD^ + rjD(!>) , 

(C.4) 

(5*0 = i^riDL, 5*0 = i^riDL, 

The supersymmetry algebra closes (off-shell) on L and O. 



Alternatively, in terms oixa and O, eqs. (|C.3|) suggest the variations 



= 2^i[lDD^ + id^cr>'-n], (C.5) 

5*0 = -2yl2i[lDDr]x-ir]cr^d^x]. 
Onxa however, the supersymmetry algebra closes up to a gauge transformation 

[61 , SlJxa = -2i {mo-^rji - ?7i (^^^2) ^i^a 

(C.6) 

+ jDDDa [i Vi^nTX-im^mX-i m^mx + i V2O rjix]. 
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This result suggests that the N = I superfields O and Xa do not complete a true 
off-shell supermultiplet oi N = 2 supersymmetry. Another hint is given by the 
degrees of freedom: O and;^^^. contain 12B+I2f fields and gauge invariance (|C.2[) , 



which is only compatible with N = I, removes Ab+^f fields, to give the expected 
8b + 8/r degrees of freedom in L and O. We should then expect that the N = 2 
supermultiplet of the potential ;^^q, (including the antisymmetric tensor among its 
component fields) has 165 + 16/? fields, with an extended gauge transformation 
using a Maxwell N = 2 multiplet and removing 8b + 8f components. 



From the structure of relation (|C.6|) , one may guess that the introduction of 



another chiral superfield Y (with 4b + 4/r fields) with 6*Y ~ rjx would be appro- 
priate if we also add to 5*Xa a gauge transformation proportional to 



iDDD^ [ir^OY - irjOY] = -t]„DD Y - Ai{o^J))^ d^Y. 

This modification, being a gauge transformation of ;^q,, does not affect 6*L. One 
then easily verifies that the second supersymmetry variations 

6*Y = ^r]x. 



(C.7) 



S*Xa = -j^(!>r]„-^r]aDDY- yl2Kcr''Ji\,d, Y , 



with 5*0 as in (|C.5|) , close the N = 2 superalgebra. 



It is then natural to generalize gauge transformation (|C.2|) to N = 2, using a 



Maxwell supermultiplet with N = I superfields Wa and X: 

^gaugeXa i^ai ^gauge^ -^j ^gauge^ 0- (C-8) 

Since L = Dx - Dx, the Bianchi identity verified by W implies the gauge in- 
variance of L. The second variation, which is the same as transformation (|C.2|) , 



contains in particular 6gauge b^v = F^y. This N = 2 gauge transformation removes 
8b + 8/r component fields, leaving as expected 8b + 8/r fields. 
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It may be useful to remark that giving a constant background value to the 
chiral N = I superfield O seems to break N = 2 supersymmetry io N = 1. 



According to the second variation (|C.7|) , Xa transforms like a Goldstino if O ac- 



quires a background value. The lowest component of does however trans- 
form under gauge symmetry (|C.2|) and a Goldstino is generated only if a gauge- 
invariant quantity is created in a theory where the single-tensor multiplet in- 
teracts with other fields. In a theory depending only on the gauge-invariant L 
and O, a background value of O does not break the second supersymmetry: it is 



invariant under transformations (C.4) 



The chiral superfield Y does not contain any physical state: neither L nor 
do depend on Y. There is a gauge similar to the Wess-Zumino gauge oi N = I 
supersymmetry in which 7 = 0. This gauge choice respects N = I supersymme- 
try and gauge symmetry (|C.2|) . 

An invariant kinetic action for the single-tensor multiplet involves an arbi- 
trary function solution of the three-dimensional Laplace equation (for the vari- 
ables L, O and O) O: 

cfecfenHiL, o, o) , -— + 2 — = = 0. (c.9) 

It is in particular straightforward to show that 



-CsT 

with 



J (fecfe H^v) + h.c, (c.io) 



= L + — (o + o) 

V2 

transforms with a derivative under the second supersymmetry for any function 
HCV). It is also invariant under a constant shift of ImO, the symmetry which 



background value of the scalar C inxa [see expansion ||C.3H does not break supersymme- 
try. It corresponds to a constant background value of L. 
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allows dualization of O into the second linear superfield of the double-tensor 
multiplet. 



C.2 Hypermultiplet Formulation 

In terms of A/" = 1 superfields, a hypermultiplet has two chiral superfields O and 
T . The linear L of the single-tensor multiplet has been dualized to a chiral T with 
axionic shift symmetry. Since the duality involves a Legendre transformation 
using the Lagrangian function, the second supersymmetry transformations will 
not any longer hold off-shell when acting on O and T: the hypermultiplet does 
not admit an off-shell formulation. 

We start with the single-tensor Lagrangian 

£5^ = Jd^ed^9'H{L,^,'^). (C.ll) 

To dualize the theory, use a real vector superfield U and rewrite 

Xjj. = J (fOife [h{u, o, o) - m(r + f)u], (C.12) 

with an arbitrary real parameter m. Eliminating U with 

— 'K(f/,0,0) = m(r+f), (C.13) 
oU 

one obtains the dual hypermultiplet theory 

£sj^ = Jd^ed^eKiT+f,<!),'^), ii:(r+f,o,o) = 'K(M,o,o)-m(r+T)a, (C.i4) 



where U = u(T + T, O, O) is the solution of the Legendre transformation (|C.13|) 
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One can then derive various relations between derivatives of the Kahler po- 



tential K and derivatives of *H: 

,2 



K. 



m 



TT 



n 



uu 



•H - 

' 'f/<D 

n.1, 



using the notation 



'dip' 



A^j, - m , 



n 



uu 



(C.15) 



'H - = 
' '(to 



50 50' 



As a consequence, the determinant of the (2 x 2) Kahler metric is 

l^uu 



(C.16) 



In this N = I Legendre transformation, the condition for N = 2 supersymmetry 
has not been used. Hence for a single-tensor multiplet, the second eq. (|C.9|) 
implies IIT291IT301 



_ _ _ 1 2 



(C.17) 



(Monge- Ampere equation). This result implies Ricci-flatness which, for a two- 
dimensional complex manifold, indicates that the hypermultiplet scalar mani- 
fold is hyper-Kahler, as expected in general ilTTII . Hypermultiplet scalar kinetic 
terms are ^ 



+ f^^/^o 



+ 



(C.18) 



^f/f/(5.0)(5^0). 



using the same notation T and O for the chiral superfields and for their lowest 
scalar components. The chiral superfields T and O are Kahler coordinates. 



One should remark that adding to 'K the quantity 



A'K = L[^(0)+I(0)] 



(C.19) 



^Positivity of kinetic terms requires that Iriuu < 0. 
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Jit 



does not change the single-tensor theoryO its superspace integral is a derivative. 
Since 

A-Kj/ = gm + 1(0), A-Kt/o, = ^0.(0), 

the Legendre transformation (|C.13|) and the kinetic terms (|C.18|) are affected by 



a modification of T: 



T r-— . (C.20) 

m 



Hence, for a given single-tensor theory defined by the function 'H, we have a 
family of hypermultiplet theories generated by the arbitrary function ^(O). In 
other words, the chiral superfield dual to L can be defined as T - for any 
function g. 

The hyper-Kahler scalar metric is commonly expressed in "mixed" coordi- 
nates where u, the solution of the Legendre transformation (|C.13|) , is used in- 
stead of Re r. Defining then coordinates 

q" = (r, x') = (Im T, ^^2Re (f>, V2 Im 0, u), a = 0, i, i = 1,2,3, (C.21) 

the line-element can be written 

ds^ = gab dq" dq^ 

= -2k^du^+ -K^^ JO JO - ^ [ J Im r + ^muc, JO - "K^^ JO)]' . 

(C.22) 

With the condition for N = 2 supersymmetry, "K^^ = -\'Huu> this is 
J52 = _2^[jM2 + 2JOJO]-^[jIm/'+2i;jCKf;<i,JO-'Ky5;JO)l' 

(C.23) 

= f (y dx' dx' + [Jr - co' dx']^), 
with functions V{x') and co\x-') given by 

V = -— — , oj' = — - — , = — - — , oj' = 0. (C.24) 

2"^ V2m V2m 



^It is a trivial solution of Laplace equation. 
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Using again the condition for N = 2 supersymmetry, which implies that the 
metric is hyper-Kahler, one finds that 

f y = f A (3. (C.25) 

This indicates that V solves Laplace equation 

&ff V = {dl + 2 d^d^W = 0, (C.26) 



in agreement with its definition (|C.24|) . A (four-dimensional) hyper-Kahler met- 



ric with shift symmetry of r = Im T is then defined by V and oj' related by equa- 
tions (|C.25|) |124| . Given a metric of this form, the single-tensor formulation of 



the N = 2 supersymmetric theory is then obtained by integrating eqs. (|C.24|) to 
find "K. Notice that eq. (|C.25|) remains valid if 

oj — > oj + VT, 

for an arbitrary real function !F. The metric is unchanged if coordinate r is 
changed according to 

T > T + T. 



Comparing with eqs. (|C.19|) and (|C.20|) , one sees that T = Img(O). 



The Kahler formulation with complex coordinates T and O is defined by 
relations 

2v 



{o/ = 0) and by the Legendre transformation Kt = -mu [see eqs. (|C.15|) and 
Ql]. 

Notice that if the theory is also invariant under the shift of Im Q), then is a 
real function of L (or U) and O -i- O and cu' = 0. Relation (|C.25|) implies then that 
V does not depend on x^: obviously, V does not depend on Im O. 

206 



As an example, the Taub-NUT metric is considered in Appendix ID.2I 



C.3 Two-Tensor Formulation 



Similarly, we can turn O + O into a second linear superfield L' to obtain the 
two-tensor formulation of the kinetic Lagrangian (|C.11|) . Rewriting it as 

= ^ (fecfe YH{L, V) - mi' V] , (C.28) 

with an unconstrained real superfield V to impose V = O + O and an arbitrary 
parameter m. If we instead eliminate V by its field equation 

-Ky = mL', 9<v = ^"HiU V), (C.29) 

ov 

the resulting two-tensor theory is 

-Lit = ^ (f6(feg{L, L'), Q{L, L') = 'HiL, V) - mL' V, (C.30) 



with V replaced by the solution V{L, U) of eq. (|C.29|) . Again the Legendre trans 



formation generates relations between derivatives of Q and 'H: 

Qll = "Hll - ;77^' Slu = Ql'u = (C.31) 

rtvv fT-vv fivv 

As in the hypermultiplet formulation, we have a determinant relation 

QllQl'L' - Qiv = ~^^7n~- (C.32) 

rivv 



1Q7 



The bosonic kinetic terms of the two-tensor formulation can then be written 

-\QLL{{d,C){d,C') + l^H,ypH'^'p] 

(C.33) 



2 



with Hfjyp = 3 dipByp] and H'^yp = 3 d^pB'^^^ and, as before, V should be replaced by 
the solution V{L, U). 

The condition imposed by the second supersymmetry has not been imposed 
yet. In the single-tensor formulation, N = 2 supersymmetry is obtained if "Kll = 
-29iw The two-tensor version (|C.30|) has then N = 2 supersymmetry if 



@LLQvv-@lL' = '^rn\ (C.34) 

i.e. if the determinant is a positive constant. Bosonic kinetic terms of the N = 2 
theory are then 

+ T2(H',yp + H,yp)iH'P^P + §^ HP^P)], 

^W,rp - i;'J^LvH,yp){H"^^P - ^<H^yH>^^P)\. 
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(C.35) 



While the first supersymmetry imposes a relation between scalar and tensor 
kinetic terms, the second imposes a specific relation between the kinetic terms 
of the two linear superfields. 

In comparing with the reduction of a IIB supergravity Lagrangian, one 
should then choose a gravity frame in which the relation between scalar and ten- 



sor kinetic terms is verified. The first supersymmetry and kinetic terms (|C.33|) 
are then sufficient for this choice. 
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Appendix D 



Obtaining the Taub-NUT 
Metric from Conformal 
supergravity 



D.l SU{2, l)ISU{2) X U{\) and its Global Hyper-Kahler Limit 

The superconformal construction of the N = 1 SU(2, 1)/SU(2) x U(l) sigma- 
model coupled to A/" = 2 supergravity starts with one vector multiplet (for the 
graviphoton) and three hypermultiplets. However, with these states only, elim- 
inating auxiliary fields and imposing Poincare gauge conditions would lead to 
the S p(4, 2) / S p(A) x S p{2) theory We need an additional non-propagating vec- 
tor multiplet with gauge field to eliminate four more scalars and to reduce 
the theory to S U{2, 1)1 S U{2) x U{\). The vector field will be used to gauge a 
or 5 0(1, 1) subgroup of S p(4, 2) with generator T. This is very much similar to 
what we do in section [1 1 .21 where we obtain the universal hypermultiplet from 
conformal N = 2 supergravity 

The basic difference here is that in order to reduce to a Taub-NUT metric, we 
need to start with a different signature for 77: 

77 = diag(- 1,1,1) (D.l) 



210 



The first steps of writing down the supergravity scalar Lagrangian and impos- 
ing the proper constraints is exactly the same as in subsec. [Tl.2.5l until eq. (|11.62|) 
where the the different choice of signature appears explicitly: 

A:-A++A* -A- = -4, a'*-A' = a'V= -1^1 1^ + 1^2^ + 1^31^. (D.2) 

From that point on, in order to obtain the Taub-NUT metric we proceed as fol- 
lows. We first define 

qa = -QaQ\\ (D.3) 

K 

and q\ = will not be used herebelow. Defining the new coordinates qa left 
invariant by the superconf ormal S U (2) is equivalent to identify the supercon- 
formal SU(2) with SU(2)i and choose a gauge for Qi. Explicitly, 



qa = 



q+a q- 



1 



A* ^1 * 4_ ^1 * ^1 * 4* A , _i_ ^* A 



Similarly, 



Qa=K 



q+aA^Y - q^aAly q+aA-i + q~aA\^ 



-qlA^i - qlA-i 



f-a^-l + qlaKl 



The second condition (|D.2|) is now written as 



detQi +det22 + clet23 = det2i = 



1 



■■ (D.4) 



K^{1 - det q2 - det qi) 
Both Qa and qa have dimension (mass)' and they verify det Qa < /c^, Atiqa < k'^. 
We will use the S U (2) symmetry to choose 

1 



A+i = VdetQi = A;i, A_i=0, qa = 



e„ (a = 2, 3). (D.5) 
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Notice that with this choice A+i and qa are respectively of order /c^ and kP. Actu- 
ally, in the global supersymmetry limit k ^ 0, the constraint reduces to A+i = k~^. 
The S U (2) gauge fields and their contributions to the Lagrangian are of order 

With the above choices, the sigma-model Lagrangian for the scalar fields 
becomes 

Hd^Q+3)(dt,ql^) + (d^q^3)(d^qU^] 



(D.6) 



5 



— -Co + -Ca+i + -CsU(2) + Xo(l,l), 



with A+i as in the first eq. (|D.5|I . Notice that the term in the third line is 



2 

Xa„ = — <9pln(/cA+i)5^1n(/<:A+i). 

It vanishes in the limit k ^ 0. The S U (2) gauge fields do not depend on deriva- 
tives of A+i: 

£sui2) = -iv.^W,/ = -\K'Al,TT[qld,q2 + qld,q,f 

(D.7) 

= -^K^A^^^iql^ df, q+a - ql^ q^af + 4(<?;„ Q-aXg-a d^, q+a)\, 
where a is summed over values a = 2,3 only This contribution also cancels in 
the limit k^O where £scaiar,K-.o = £o + £so(\,\), with /cA+i = 1. 



With ^' = and without the constraint (|11.55|) , one obtains the sigma-model 
HP^ = S p{A, 2) IS p{A) X S p{2). Expressed in terms of the quaternion (2 x 2) ma- 
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trices q2 and qs, it reads: 



+k'aI, Tr[iqld,q2 + q^q^Xd^ql qi + ff'ql q,)l 
In the limit /c ^ 0, M+i 1 and the sigma-model metric is trivial. 



If we choose the U{1) generator T as in eq. (|11.50|) : 
then constraint (|D.2|) leads to three (real) equations: 



T 

f* 



XliT]TA+ = Alir]TA_, 







i[ir]TY = iT]T). With the 50(1, 1) generator 



A 



A 
i 



{A real) the three constraints are: 



AiAl^A^, - A\,A^2) + iAl,A^3 = A{A*_^A.i - A*_,A.2) + iA*_,A_,, 



A(A*A^i - A* A+2) + «A* A+3 



0. 



(D.8) 



(D.9) 



(D.IO) 



(D.ll) 



(D.12) 



These conditions survive in the global supersymmetry limit k ^ 0, where also 
det Qi K~^, if AA+i has a finite limit. Since kA+i — > 1, we then assume thal^. 



^£ has dimension (mass)' 
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A = £k. In terms of the coordinates qa, the conditions are: 

^[(lA+iP - |A_i|2)(^;2 - ^+2) - 2A^iA.i^l2 + 2A\,A*_,q.2] 

= /[(IA_il2 - IA^i|2)(|^^3|2 - |^„3|2)) + 2AM-iq^3qU + 1A\,A*_,q^^q\, \ 

Using SU(2) symmetry to choose as earlier A_i =0, we obtain 

ii(ql2 - q+2) = \q+3\^ - \q-3\^ , 

(D.13) 

€q-2 = «<?+3<?-3, 

independent of k. In the limiting case £ = 0, q^ = and the resulting constraint 
dnH) leads to the four-dimensional S p(2, 2)/S p{2) x S p(2). As a 5 0(1, 1) gauge 
choice, we may take Re q+2 = 0, which leads to 



q+2 = j-A\q+3\^ - \q-3\^) , 



q-2 = 



-{ q*+3^-3 



(D.14) 



det^2 = \q+2\^ + \q-2\^ = 4^(det<5r3)^ 
With A 1 = and A+i real, the unconstrained fields are q+3, with q+2 given by 



eqs. (|D.14|) and with relations 



q3 



1+3 



A-3 



— 4* 4* 

^-3 ^+3 ; 



(D.15) 



A+i = VditQT = ^[l-/c2det^3-^(det^3)'] 



4/2 



In terms of quaternion matrices, conditions (|D.14|) correspond to 



q2 = ^'?3-^'?3, 



J = 



1 



-1 



(D.16) 
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With the gauge choices A_i = Re q+2 = and A+i real, the S 0(1, 1) gauge field 
reads 

<-> 

W = — ^ ^ (D 17) 

" 2^ ^2 + det^3- f(det^3)2 

in terms of q+T,. Its contribution to the scalar Lagrangian is 

<-* <-> 

-CsoiU) = ^K^Al, ' (D.18) 
2 ^2 + det^3-f(det^3)2 



To calculate the various contributions to the scalar Lagrangian (|D.6|) , we in- 
troduce new (real) coordinates (r, 6, cp, t): 

q,s = r cos ^ e'^'^^'^'\ q., = r sin ^ e-(0-)/2. (D.19) 

With these variables, 
det^3 = r^, 

|J^+3p + Ic?^-3p = dr^ + 'j(de^ + sin^ J02) + ^(Jr + cosedcpf, 
q+2 = '-^ cos 0, = '-^sine e"''^, 

|c/^+2p + l^^^-2p = ^[dr^ + j(de^ + sin^ 9d(P^)], 

The basic scalar kinetic terms become 

Xo = 2K^Al,[\d^q+2\^ + \d,q.2\^ + \d,q+,\^ + \d,q^,\^] 

= 2k^AI,\(i + f) [{d,rf + !^{(d,ef + sin^ 6(5^0)2}] (D.20) 

+^(V + cos 05^0)2]. 

The contribution of the 50(1, 1) gauge field is 

, , {d,T + cos9d,(pf 
Ao(U) = -T' ^l^ ,2 2 /7 ■ 
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The constribution of the S U (2) gauge fields is 

1 r / ^2 ,2 



-Csu{2) = 



{d,T + COS e d,(f>f- + ( 1 + ^ )'{(d,ef- + sin^ e(d,c/>f} 



(D.22) 



Finally 

= 2k'aI, |i + r2((9,r)(t?'^r). (D.23) 

Both £.su{2) and Xa+i vanish (like k^) in the limit k ^ 0. Then, summing the four 
contributions leads to the scalar Lagrangian 



£ = ^K'Al,(l + '^-^)[4r\d,r)^ + r'{id,0f + sm^e{d,(f>f}] 



(D.24) 



If we define a new variable R = r^/^, choosing a positive the theory becomes 



where ^ 



1 + K 4 



(D.25) 



/At, 



1 - K^IR - 



(D.26) 



The parameter i defines the energy scale of the field R while the length k defines 
the curvature of the quaternionic manifold. The metric defined by these kinetic 
terms is Einstein with 

Rab = -(^K^gab, (D.27) 



as expected for a single hypermultiplet quaternionic space 111511 



The limit k ^ Q leads to 



(l + I) [{d,Rf + R^{{d,ef + sin^ 0(5^0)2}] 



(D.28) 



^Positivity implies R<1{ Vl + K^fi - k{). 
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We will see later [eq. (|D.35|) ] that the metric of this scalar Lagrangian is the Taub- 
NUT metric with 2M = I. 



There are four isometries acting on 0, (p and t. Three are the spherical sym- 
metries of {d^Oy- + ^iTL' Bid^cpf-, the fourth isometry is the shift of r. Explicitly, the 
metric is invariant under 



66 = sm(()C2 + coscpci,, 



6(p = Ci + cotg0(cos 0C2 - sin0C3), 



6t = C4 - ^(cos0C2 - sin0C3). 



(D.29) 



where Ci, I = 1, 2, 3, 4 are the real parameters of the isometries. The SU(2) alge- 
bra is verified by transformations with parameters Ci, C2 and C3. 

We introduce cartesian coordinates Xi, i = 1, 2, 3 instead of the polar coordi- 
nates R, 6, (p: 

xi = Rs'mdcos cp, X2 = RsinOsincp, X3=Rcos6. 



Using 



X\dX2 — X2(iX\ 
X Y ^2 



dip. 



^ = COS 9, R = sjxl + x\ + xj. 



We can rewrite our Lagrangian in the following form: 



£ = FiR) (d.xdi&'xd + G{R)(d,T + uJid.Xif. 



(D.30) 



We find 



F{.R) 
G(R) 



1 + 

R 4 

1 (1 + id£)2 

2 1 + I _ 

^ ^ R 4 



X2XJ, 



R{x\ + x^^' 



0)2 



X\Xt, 



Rix\ + xl) 



0)3 = 0. 



(D.31) 
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In the limit k ^ 0, F(R)G(R) = t^jA. 
Notice that 



d_ 

Ir 



K^R^ 

1 + 



In a set of Kahler coordinates z' = {T, O), one can in general write 

K — \ I K — \ det Kr 
ds' = Kjj I dT + -:^dQ>\\dT + -:^d^\ + JOJO. 



For an Einstein space with Rq = didj In det = ^Kq, 



ds' = Kjj\dT + -^d^\\dT + -^dm + — -dQ>dQ>, 



where A is an arbitrary positive constant^ Defining K = -n\n Y, the line element 
is 

/ K - \l—K-—\ AY~"^ — 
ds^ = KjjidT + -2^JO + -^d^\ + — — JOJO. 

If we further assume that the Kahler potential ^ is a function of T + T, O and O, 
since T is dual to a linear superfield, 

dKr = Kjj d(T + T) + K^jd^ + Kj-^d'^, 

and the line element becomes 

ds^ = Kjj^dReT + ^d^+ ^d'^J 

+Krr (dlmT + :^d(!> - ^d'^f + ^ JO JO 

= jt^dKrf + (j Im r + ^ JO - Jo)' + ^ JOJO. 
■'a could be in principle a harmonic function f{T, O) + f{T, O) but this case is irrelevant for 

us. 



v2 



218 



D.2 Taub-NUT 



The Taub-NUT (Taub-Newman-Unti-Tamburino) metric II131I describes a four- 
dimensional euclidean space with self-dual curvature. It is then Ricci-flat and a 
solution of the vacuum Einstein equations. Hence, it is also hyper-Kahler and 
appropriate to describe the scalar sector of a globally N = 2 hypermultiplet 
theory. 

The Taub-NUT metric is commonly expressed in coordinates where 

dsl^ = dr^ + (r^ - (crl + o-j) + 4M^ o-j. (D.32) 

r — M r + M 

The one-forms 

CTj = costJ0+ sinrsin^J^, 

(T2 = - sin tJ^ + COST sin (D.33) 
(T3 = cos 6 d(p + dT 

verify 

do-jc = -6xyz cTy A cTj. (x,y,z= 1, 2, 3). (D.34) 

The coordinates r, 6 and (f are angular variables (O<0<;r, 0<t< 4n, < (f < 
27t), r > M and M is a (real) parameter. A more convenient form is obtained by 
shifting the singularity from r = M to R = with the redefinition R = r - M. The 
metric becomes | |124| 

dslf^ = V[dR^ + R^ dQ] + -—[dT + cos 6 d(pf, v =1 + —, (D.35) 

V R 

where 

da = o-] + (rl = de^ + sin^ ed(p^. (D.36) 
This form is reminiscent of a (euclidean) Schwarzschild metric. Since 

-^ds^T^ = ^^[dp^+p^dQ] + -^[dT + cos ed<p]\ P=:^, (D-37) 
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the constant 2M sets the scale of the radial coordinate R. Notice that the deter- 
minant of the metric is 

det gab = AM'^V^E!^ sin^ 6 = AhfR^ sin^ e{R + 2Mf. (D.38) 

It would be constant in Kahler coordinates. 

In cartesian coordinates q" = (r, x'), with dx'dx' = dR^ + R^dQ., the metric is 

dslj^ = I ^ dx' dx' + ^[dT- J dx']A , (D.39) 



with 



2 3 13 



The relation II124I 



V— = V A a;, (D.41) 
which is required for four-dimensional hyperkahler manifold, is verified. 

The Taub-NUT metric (|D.35)) is invariant under S U(2)x f/(l) isometries 
59 = sin0C2 + COS0C3, 

6(f) = ci + cotg0(cos0C2 - sin0C3), (D.42) 

= C4 - ;i^(cos0C2 - sin0C3), 
where cj, I = 1, 2, 3, 4 are constant real parameters. The SU(2) algebra is gener- 
ated by transformations with parameters ci, C2 and C3. On cartesian coordinates 
x', the action of the SU{2) isometries is 

dx"^ = -C\X^ + C3X^, = Cix^ + C2X^ , 6x^ = -cjx^ - C2X^. (D.43) 

On the Kahler coordinate O = (jc^ + ix^)/ V2, 

Sd) = ici O + ^(C3 + ic2)U , 6U = -^(C3 - /C2)0 - ^(C3 + /C2)0 , (D.44) 
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iantfl 



where U = , leaving + 200 invariant 

The single-tensor N = 2 theory leading to the Taub-NUT scalar manifold in 
the hypermultiplet formulation is defined by the function 



7Y(L,0,0) = -^[l^ -OO] + 2M Vl2 + 200 - L In + Vl^ + 20oj 



(D.45) 



obtained by integrating eqs. (|C.24|) . The real superfield + 200 is R^. Since the 
action of isometries does not respect in general the chiral or linear nature of a 
superfield, we do not expect 'H to be invariant, but the line element (the kinetic 
terms) should be invariant. 



In the hypermultiplet formulation, the line element reads 



JO ^ 
mdT + MnA — 
O 



where 



^= 1 + 



2M 



V= 1 



u 



(D.46) 



(D.47) 



+ 200 + 200 

and i7 is defined (as a function of T + T and OO) by the Legendre transformation 



(|C.13|I : 



(D.48) 



[/ + 2M Inl [/ + + 200j = -m(r + T). 

This equation cannot be analytically inverted. The determinant of the Kahler 
metric is constant, as in eq. (|C.17[) , and the second eq. (|D.44|) indicates that the 
S U (2) isometries act onT + T according to 



1 / 2M >r -T 

S(T + T) = I 1 + 1 [(C3 - /C2)0 + (C3 + /C2)Oj . 



V2m 



U + R 



(D.49) 



To compare eqs. (|D.46|) and (|D.39|) , we need to rewrite ds^^^ in coordinates 
(r, x') with = ( V2Re O, VllmO, t/) and = x'x' = + 200. Hence, 



2M 

^ = 1 + = V^(^), 



*The phase rotation of O has parameter ci . 
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and, according to eq. (|D.48|) , 



dU + dR 2M — 

ImdRcT = -dU -IM = -V dU J(00). 

U + R RiU + R) 

We first obtain 

dsl^ = y-'[mJRer + gj(00)]%f JOJO 

+y-i [mdlmT + ^(ReO J ImO -ImO^^ Re<D)]\ 
Since = we have 

+ V-^ [mdlmT + j^^{Re OJImO-ImOi^Re O)]^ (D.50) 
V JjcW + 4m2y-i[^^Imr + ^K^^K^ ix^dx^ - xW)f^ . 



Finally, we set m = M and use 

R{u+R) ^^^d^^ ~ ^^dx^) = -j^^^j^{x^dx^ - x^dx^) + {d ln(0/0) 

= -tOi dx' + jd ln(0/0), 



with coj as in eq. (|D.40|) . Finally, 



dslf^ = ^{v dx'dx' + 4M^V-^ [dlmT + ^d ln(0/0) - oji dx'f^ . (D.51) 



Comparison with expression (|D.39|) indicates that the fourth coordinate is 



T = Im r + ^ ln((I)/0). (D.52) 



The action of S i7(2) x f/(l) isometries on t is 



R C2 - ici, R C2 + icT, ,^ 
6t = C4 _ ■ (D.53) 

2V2 <t 2V2 O 



Hence, 



SlmT = C4-C1 --^^[(C2 + /C3)0 + (C2-/C3)0] 

ST = /(c4-c0 + ^[^ + 5i?]fe-/C2)O-^[^-^](C3 + /C2)O 

(D.54) 
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To summarize, Kahler coordinates T and O of the Taub-NUT metric are re- 
lated to standard variables by (t, jc') = (r, V2 Re O, V2 Im O, U). Eq. p.52|) defines 
Im r while the Legendre transformation (|D.48|) gives implicitly Re T . 
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